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Tekmovanje srednješolcev v znanju fizike – šolsko tekmovanje

Naloge

1. Sonda, ki potuje s tremi četrtinami svetlobne hitrosti, doseže 24 svetlobnih let oddaljeno zvezdo v

(A) 18 letih. (B) 20 letih. (C) 24 letih. (D) 32 letih. (E) 36 letih.

2. Tina, Manca in Doroteja so merile čas med dvema udarcema ure v zvoniku. Tina je izmerila čas
3,6 s, Manca pa je izmerila 0,3 s dalǰsi čas kot Tina. Kolikšen čas je izmerila Doroteja, če je povprečje
njihovih meritev 3,8 s?

(A) 3,9 s. (B) 3,8 s. (C) 3,7 s. (D) 3,6 s. (E) 0,3 s.

3. V urnem mehanizmu sta dva vrtljiva zobnika, staknjena
kot kaže slika na desni. Večji zobnik ima 30 zob in naredi 60
obratov v eni uri. Koliko obratov naredi v eni uri mali zobnik,
ki ima 10 zob?

(A) 10 (B) 20 (C) 60 (D) 180 (E) 300

4. Upor dolgega vodnika se izračuna z enačbo R = ζl/S, pri čemer je ζ specifični upor snovi, l dolžina
vodnika in S ploščina preseka vodnika. Katera od naštetih enot je pravilna enota za specifični upor
snovi?

(A) Ωm (B) Ω (C)
Ωm

mm2
(D)

Ω

m
(E)

Ω

m·mm2

5. Svinčnik z dolžino 20 cm držimo tik nad tanko ploščo s podolgo-
vato luknjo, ki je širša od svinčnika. Plošča se giblje s konstantno
hitrostjo 53 cm/s kot kaže slika. V trenutku, ko je rob luknje točno
pod navpičnim svinčnikom, svinčnik spustimo, da prosto pada in se ne
vrti. Najmanj kako dolga mora biti luknja, da bo svinčnik nemoteno
padel skoznjo?

(A) 2,2 cm. (B) 11 cm. (C) 20 cm. (D) 70 cm. (E) 107 cm.

6. Opazujemo radioaktivno snov v obliki kocke s stranico 1,0 cm. V taki kocki se vsako minuto zgodi
100 radioaktivnih razpadov. Koliko radioaktivnih razpadov se zgodi v kocki iz iste snovi s stranico
2,0 cm v 2 minutah opazovanja?

(A) 200 (B) 400 (C) 800 (D) 1600 (E) 3200
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7. Metka z maso 57 kg se z dvigalom vozi iz pritličja v 8. nadstropje. V nekem trenutku deluje Metka
na tla s silo 500 N. Tla delujejo na Metko z nasprotno enako silo. Kako se giblje Metka v tem trenutku
glede na stavbo?

(A) Miruje. (B) Giblje se pospešeno, hitrost se ji povečuje.

(C) Giblje se premo enakomerno. (D) Giblje se pospešeno, hitrost se ji zmanǰsuje.

(E) Ali miruje ali se giblje premo enakomerno.

8. Graf kaže dogajanje med segrevanjem 1,0 kg čistega
acetona od trdnega do plinastega stanja. Kolikšne so
temperatura talǐsča Tt, temperatura vrelǐsča Tv in spe-
cifična toplota c acetona v tekočem agregatnem stanju?

(A) Tt = −173
◦C, Tv = 677 ◦C, c = 5,7 kJ/(kgK).

(B) Tt = −94
◦C, Tv = 56 ◦C, c = 2,2 kJ/(kgK).

(C) Tt = 100 ◦C, Tv = 430 ◦C, c = 0,45 kJ/(kgK).

(D) Tt = 157 ◦C, Tv = 677 ◦C, c = 3,5 kJ/(kgK).

(E) Tt = 179 ◦C, Tv = 329 ◦C, c = 2,2 kJ/(kgK).

9. Odviti želimo trdno privite vijake. Z izvijačem A vijak od-
vijemo, če izvijač obračamo tako, da na obod držala delujemo
tangencialno s silo najmanj 40 N. Najmanj s kolikšno tangen-
cialno silo moramo delovati na obod držala izvijača B, da lahko
odvijemo enako privite vijake?

(A) 80 N. (B) 60 N. (C) 53 N. (D) 40 N. (E) 27 N.

10. Policija je na kraju prometne nesreče izmerila 32 m dolgo sled zaviranja enega od avtomobilov.
Kolikšna je bila hitrost tega avtomobila pred zaviranjem, če predpostavimo, da je avtomobil na ravni
cesti enakomerno zaviral do mirovanja in je koeficient trenja med pnevmatikami in cestǐsčem 0,85?

(A) 23 km/h. (B) 59 km/h. (C) 84 km/h. (D) 91 km/h.

(E) Za izračun hitrosti je na voljo premalo podatkov.

11. Na lečo A z gorǐsčno razdaljo 50 cm posvetimo z vzporednim curkom svetlobe vzporedno z optično
osjo leče. Na optično os postavimo še lečo B z gorǐsčno razdaljo 30 cm. Kam jo moramo postaviti, da
bo se bo svetloba po prehodu skozi obe leči širila v vzporednem curku?

(A) 20 cm pred lečo A. (B) 20 cm za lečo A. (C) 30 cm za lečo A.

(D) 50 cm pred lečo A. (E) 80 cm za lečo A.

12. Na skici desno je utež obešena na vrv. Katera od spodnjih
trditev ni pravilna?

(A) Sili v levi in desni vrvi sta enaki.

(B) Sila v levi vrvi je večja kot teža uteži.

(C) Sila v desni vrvi je večja kot teža uteži.

(D) Sila v desni vrvi je večja kot sila v levi.

(E) Vektorska vsota sil v obeh vrveh je nasprotno enaka teži uteži.

2



13. Imamo tri kovinske kroglice: A s polmerom 1 cm ter B in C, vsaka s polmerom 2 cm. Če se s
kroglico A, na kateri je naboj +60 nAs, dotaknemo kroglice B, na kateri je pred tem naboj −30 nAs,
je na kroglicah, ko ju razmaknemo, naboj: +10 nAs na kroglici A in +20 nAs na B. S kroglicami
naredimo naslednji poskus. Začetni naboji na kroglicah so +10 nAs na A, +2 nAs na B in −7 nAs na
C. Vse tri kroglice staknemo skupaj in jih nato razmaknemo. Kolikšen je končni naboj na kroglici A?

(A) +10 nAs. (B) +8 nAs. (C) +5 nAs. (D) +2 nAs. (E) +1 nAs.

14. Avtomobil z maso 900 kg pelje po ravni cesti. Najprej pelje enakomerno, nato prične pospeševati.
Med pospeševanjem poveča hitrost za 20 km/h. Kolikšna je sprememba kinetične energije avtomobila?

(A) 180 kJ. (B) 14 kJ. (C) 9 kJ. (D) 2,5 kJ.

(E) Za izračun spremembe kinetične energije nimamo dovolj podatkov.

15. Na spodnji sliki sta shemi dveh vezij iz samih enakih upornikov. Med kateri dve točki na shemi
B moramo vezati še en enak upornik, da bo skozi vir v vezju B tekel enak tok kot skozi vir v vezju A?

(A) Med T1 in T2 namesto obstoječe žice. (B) Med T1 in T3.

(C) Med T1 in T2 poleg obstoječe žice. (D) Med T2 in T4.

(E) Med T3 in T4 poleg obstoječega upornika.

16. Miha ima na lahki vrvici privezan balon. Balon je napihnjen na prostornino 10 l, masa opne balona
je 6 g. Gostota zraka v balonu je 1,4 kg/m3, izven balona pa 1,2 kg/m3. S kolikšnim pospeškom se
začne gibati balon v trenutku, ko Miha spusti vrvico?

(A) 10 m/s2. (B) 4,0 m/s2. (C) 3,0 m/s2. (D) 1,4 m/s2.

(E) 0 m/s2, ker je zaradi zračnega upora gibanje enakomerno od začetka gibanja.

17. Na sliki je shema vezja. V vezju želimo povečati električno moč, ki jo
prejema žarnica. Med kateri dve točki moramo vezati še en upornik, ki ima
dvakrat večji upor od tistega v vezju?

(A) Med T1 in T3.

(B) Med T1 in T4 poleg vseh obstoječih elementov.

(C) Med T2 in T4.

(D) Med T3 in T4 namesto obstoječe žice.

(E) Med T3 in T4 poleg obstoječe žice.

18. Na sredini mize je privit vijak, na katerega je privezano krajǐsče elastike. Dolžina neraztegnjene
elastike je 10 cm. Drugo krajǐsče elastike je privezano na avtomobilček. Avtomobilček malo dvignemo,
da se ne dotika mize, ga potegnemo 20 cm od vijaka in pri tem opravimo 2,0 J dela. Avtomobilček
postavimo na mizo in spustimo. Koliko kinetične energije ima avtomobilček, ko pride do vijaka, če je
sila trenja med vozičkom in mizo 1,0 N?

(A) 0,2 J. (B) 1,0 J. (C) 1,8 J. (D) 2,0 J.

(E) Nimamo dovolj podatkov, da bi izračunali kinetično energijo avtomobilčka.
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19. V posodo z vodo potopimo kvadre različnih dimenzij. Na vsak kvader so nameščeni štirje merilniki
velikosti sile, kot je narisano na slikah (črne ploskvice na slikah). Z računalnikom izvajamo meritve
tako, da dobimo kot rezultat vsoto izmerkov vseh štirih merilnikov na enem kvadru. Za i-ti kvader
označimo vsoto štirih izmerkov Fi. Kateri vrstni red je pravilen?

(A) F1 = F2 = F4 < F3 (B) F1 = F4 < F2 < F3 (C) F1 = F4 < F3 < F2

(D) F2 < F3 < F1 = F4 (E) F3 < F2 < F1 < F4

20. Na svoji mizi najdete pozabljen list papirja, na katerem je zapisana enačba

y =

(

15 m

s

)2

2 · 10 m

s2·

Kakšno bi lahko bilo besedilo naloge?

(A) Kolikšno hitrost doseže kroglica, ki pade z vǐsine h?

(B) Kolikšno pot opravi avtomobil, ki se giblje s pospeškom 10 m/s2?

(C) Kolikšno vǐsino doseže kamen, ki ga vržemo navpično navzgor z začetno hitrostjo 15 m/s?

(D) Kolikšno pot po klancu navzdol opravi kroglica, ki jo potisnemo z začetno hitrostjo 15 m/s?

(E) Kolikšno razdaljo prepotuje kamen, ki ga vržemo navpično navzdol z začetno hitrostjo 15 m/s?

Tekmovanje iz fizike za zlato Stefanovo priznanje –

državno tekmovanje

Naloge za 8. razred
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Eksperimentalna naloga: sestava kovanca in zlitine
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Naloge za 9. razred
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Eksperimentalna naloga: karakteristika in moč žarnice
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Fizikalno tekmovanje srednješolcev Slovenije – državno tekmovanje

Skupina I
1. Na strop smo z dvema vrvicama pritrdili palico, kot je prikazano na sliki. Dolžina palice je 1 m,

njena masa pa 1 kg. Na krajišči palice obesimo dve uteži, masa uteži m1 je 2 kg.

a) S kolikšno silo deluje vsaka od vrvic na strop, če je masa uteži m2 enaka 3 kg?

b) Kolikšen razpon mas lahko zavzame utež m2, da ostane palica v vodoravnem položaju?

2. Luka z velike razdalje vrže žogo proti košu s hitrostjo 10 m/s pod kotom 60◦ glede na vodoravnico.
Pri izmetu je žoga na višini 270 cm nad tlemi. Soigralec Žiga opazi, da žoga ne bo zadela koša,
zato vrže kepo ilovice navpično navzgor proti žogi. Kepa zadane žogo in se sprime z njo, ko je
ta na višini 270 cm in v vodoravni smeri 100 cm oddaljena od (sredine) obroča koša. Žoga nato
ravno pade v koš.

Masa žoge je 600 g, masa kepe 300 g, obroč koša je na višini 305 cm.

a) Kolikšni sta vodoravna in navpična komponenta hitrosti žoge tik pred trkom s kepo?

b) Kolikšna je vodoravna komponenta hitrosti žoge tik po trku? Koliko čas traja let žoge od
trenutka trka do trenutka, ko doseže koš?

c) Kolikšna mora biti navpična komponenta hitrosti žoge po trku, da gre v času, izračunanem
pri b), ravno skozi sredino obroča?

d) S kolikšno hitrostjo je Žiga vrgel kepo, če jo je izpustil na višini 150 cm nad tlemi?

3. Ema in Tim z masama po 60 kg se na avtodromu vozita v avtomobilčku A z maso 120 kg. V
nekem trenutku s hitrostjo 6,0 m/s neprožno trčita v nasproti vozečega Roka z maso 60 kg, ki
v enakem avtomobilčku B vozi s hitrostjo le 1,0 m/s. Gumijasta obroba amortizira trk tako, da
ostaneta tudi po trku avtomobilčka skupaj. Tik pred trkom oba voznika izključita pogon, a se
avtomobilčka prosto gibljeta. Trenje med podlago in kolesi je zanemarljivo.

a) Za koliko se pri trku zmanjša kinetična energija udeleženih teles?

Ana se v svojem avtomobilčku vozi s hitrostjo 2,0 m/s v isti smeri kot Ema in Tim. Zanjo je
hitrost Eme in Tima pred trkom manjša, hitrost Roka pa večja.

b) Prostoročno nariši grafa hitrosti avtomobilčkov A in B pred in po trku v odvisnosti od časa,
kot bi ju izmerila Ana. Pri risanju upoštevaj, da trk ni povsem trenuten. Jasno označi,
kateri graf pripada kateremu avtomobilčku. Upoštevaj, da se pri gibanju v nasprotni smeri
predznak hitrosti spremeni.

c) Kolikšno zmanjšanje kinetične energije izračuna Ana, če računa s hitrostmi, kot jih izmeri
ona? Mora biti njen rezultat enak tistemu pri vprašanju a)?

OBRNI!
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4. Barbara si naredi preprost vetromer. Ploščo s širino a = 10 cm,
z višino h = 20 cm in z maso 50 g vrtljivo vpne d = 5 cm pod
zgornjim robom, kot kaže leva slika. Os, okoli katere se plošča
lahko vrti, je vzporedna z zgornjim robom plošče. Hitrost vetra
določa iz velikosti kota ϕ, za katerega je plošča nagnjena od
navpičnice, ko je os vrtenja vodoravna in hkrati pravokotna na
smer vetra, kot kaže desna slika. Vetromer uporablja samo za
vetrove, ki pihajo v vodoravni smeri. Silo vetra na telo opišemo
z enačbo F =

1

2
cρv2S, kjer je ρ = 1,3 kg/m3 gostota zraka, S

prečni presek telesa pravokotno na smer vetra, v hitrost vetra in c konstanta, ki ima za pravokotno
ploščo vrednost c = 0,8. Veter piha s hitrostjo 10 m/s.

a) Barbara ploščo drži za spodnji rob, da je postavljena navpično. Kolikšen je navor vetra na
ploščo okoli osi, na katero je vpeta?

b) Barbara rob plošče spusti, da se plošča lahko prosto vrti. Za kolikšen kot je plošča nagnjena,
ko obmiruje? Namig : sin2 ϕ+ cos2 ϕ = 1.

c) Za kolikšen kot je plošča nagnjena, če je hitrost vetra 1 m/s?

Skupina II
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✳ ❑♦❧✐❦➨❡♥ ♠♦$❛ ❜✐.✐ ✉♣♦$ ✉♣♦$♥✐❦❛ ❄

✷✳ ❱ 0♦❜✐ ➸❡❧✐♠♦ ✐♠❡.✐ .❡♠♣❡$❛.✉$♦ ✷✷ ❈✳ I♦✈$➨✐♥❛ 0.❡♥ ❥❡ ♠ ✱ ❞❡❜❡❧✐♥❛ ✷✵ ❝♠✱ .♦♣❧♦.♥❛

♣$❡✈♦❞♥♦0. ❲✴♠❑✳ I$❡✈❛❥❛♥❥❡ 0❦♦③✐ .❧❛ ✐♥ 0.$♦♣ ③❛♥❡♠❛$✐♠♦✳

❛✮ ❑♦❧✐❦➨♥❛ ♠♦$❛ ❜✐.✐ ♠♦↔ ❡❧❡❦.$✐↔♥❡ ♣❡↔✐✱ ↔❡ ❥❡ ③✉♥❛♥❥❛ .❡♠♣❡$❛.✉$❛ ✶✵ ❈❄

❜✮ ◆❛♠❡0.♦ ♣❡↔✐ ✉♣♦$❛❜✐♠♦ .♦♣❧♦.♥♦ ↔$♣❛❧❦♦✳ ❚♦ ❥❡ ♥❛♣$❛✈❛✱ ❦✐ ♣$❡↔$♣❛✈❛ .♦♣❧♦.♦ ③ ♠❡0.❛

③ ♥✐➸❥♦ .❡♠♣❡$❛.✉$♦✱ ✱ ♥❛ ♠❡0.♦ ③ ✈✐➨❥♦ .❡♠♣❡$❛.✉$♦✱ ✳ ❷❡ ♦③♥❛↔✐♠♦ .♦♣❧♦.♥✐ .♦❦ ✈

↔$♣❛❧❦♦ ♣$✐ 0 ✐♥ .♦♣❧♦.♥✐ .♦❦ ✐③ ↔$♣❛❧❦❡ ♣$✐ 0 ✱ ✈❡❧❥❛ ✱ ♣$✐ ↔❡♠❡$ ❥❡

❡❧❡❦.$✐↔♥❛ ♠♦↔✱ ❦✐ ❥♦ ❞♦✈❛❥❛♠♦ ↔$♣❛❧❦✐✳ ❱ ✐❞❡❛❧♥✐ .♦♣❧♦.♥✐ ↔$♣❛❧❦✐ ❥❡ $❛③♠❡$❥❡ ♠❡❞ ✈❧♦➸❡♥♦

❡❧❡❦.$✐↔♥♦ ♠♦↔❥♦ ✐♥ ♣$❡↔$♣❛♥♦ ♠♦↔❥♦ ♦❞✈✐0♥♦ ♦❞ ✭❛❜0♦❧✉.♥✐❤✮ .❡♠♣❡$❛.✉$ ✐♥ ❡♥❛❦♦

❑♦❧✐❦➨♥❛ ❥❡ ♣♦.$❡❜♥❛ ❞♦✈❡❞❡♥❛ ❡❧❡❦.$✐↔♥❛ ♠♦↔ ③❛ ↔$♣❛❧❦♦✱ ♣$✐ ❦❛.❡$✐ ❥❡ $❛③♠❡$❥❡ .$✐❦$❛.

✈❡↔❥❡ ♦❞ ✐❞❡❛❧♥❡❣❛✱ ❞❛ ❞♦0❡➸❡ ❡♥❛❦ ✉↔✐♥❡❦ ❦♦. ♣❡↔ ♣$✐ ❛✮❄

❝✮ ❑♦❧✐❦➨♥❛ ❥❡ ❧❛❤❦♦ ♥❛❥♠❛♥❥➨❛ ③✉♥❛♥❥❛ .❡♠♣❡$❛.✉$❛✱ ↔❡ ❥❡ ♥❛❥✈❡↔❥❛ ❡❧❡❦.$✐↔♥❛ ♠♦↔ .♦♣❧♦.♥❡

↔$♣❛❧❦❡ ✐③ ✈♣$❛➨❛♥❥❛ ❜✮ ✶ ❦❲❄

❞✮ I♦❧❡.✐ ❞❡❧♦✈❛♥❥❡ .♦♣❧♦.♥❡ ↔$♣❛❧❦❡ ✐③ ✈♣$❛➨❛♥❥❛ ❜✮ ♦❜$♥❡♠♦✱ ❞❛ ♣$❡↔$♣❛✈❛ .♦♣❧♦.♦ ✐③ ❤❧❛❞♥❡❥➨❡

0♦❜❡ ✈ .♦♣❧❡❥➨♦ ♦❦♦❧✐❝♦✳ ❷$♣❛❧❦❛ ❞❡❧✉❥❡ ❦♦. ❦❧✐♠❛.0❦❛ ♥❛♣$❛✈❛✳ ❑♦❧✐❦➨♥♦ .❡♠♣❡$❛.✉$♦ ❞♦✲

0❡➸❡♠♦ ✈ 0♦❜✐✱ ↔❡ ❥❡ ③✉♥❛♥❥❛ .❡♠♣❡$❛.✉$❛ ✸✺ ❈ ✐♥ ↔$♣❛❧❦❛ ❞❡❧✉❥❡ 0 ❦♦♥0.❛♥.♥♦ ❡❧❡❦.$✐↔♥♦

♠♦↔❥♦ ✷✵✵ ❲❄

❖❇❘◆■✦

✺✺✳ ❋■❩■❑❆▲◆❖ ❚❊❑▼❖❱❆◆❏❊ ❙❘❊❉◆❏❊➆❖▲❈❊❱ ❙▲❖❱❊◆■❏❊

❉4➸❛✈♥♦ :❡❦♠♦✈❛♥❥❡✱ ▼❛4✐❜♦4✱ ✽✳ ✹✳ ✷✵✶✼

❙❦✉♣✐♥❛ ■■

✶✳ ➎❛$♥✐❝❛ ❥❡ ✐③❞❡❧❛♥❛ ③❛ ♥❛♣❡.♦0. ❱✱ ♣$✐ ❦❛.❡$✐ 0✈❡.✐ ③ ♠♦↔❥♦ ✷✹✵ ♠❲✳ ■③ ♣$❡❞♣♦0.❛✈❦❡✱ ❞❛

❥❡ ✉♣♦$ ➸❛$♥✐❝❡ 0♦$❛③♠❡$❡♥ 0 .❡♠♣❡$❛.✉$♦ ➸❛$✐❧♥❡ ♥✐.❦❡✱ ✐♥ ♣$❡❞♣♦0.❛✈❦❡✱ ❞❛ ❥❡ ♠♦↔ ➸❛$♥✐❝❡✱ ❦✐

♦❞❞❛❥❛ ❡♥❡$❣✐❥♦ 0 0❡✈❛♥❥❡♠✱ 0♦$❛③♠❡$♥❛ 0 ↔❡.$.♦ ♣♦.❡♥❝♦ ❛❜0♦❧✉.♥❡ .❡♠♣❡$❛.✉$❡ ➸❛$✐❧♥❡ ♥✐.❦❡✱

❞♦❜✐♠♦ ♠❡❞ ✉♣♦$♦♠ ✐♥ ♠♦↔❥♦ ③✈❡③♦ ✱ ❦❥❡$ ❥❡ ♠♦↔ ➸❛$♥✐❝❡✱ ❦♦ ❥❡ ✉♣♦$

➸❛$♥✐❝❡ ❡♥❛❦ ✳ ◆❛ ✈✐$ ③ ❣♦♥✐❧♥♦ ♥❛♣❡.♦0.❥♦ ❱ ✐♥ ③ ③❛♥❡♠❛$❧❥✐✈✐♠ ♥♦.$❛♥❥✐♠ ✉♣♦$♦♠

③❛♣♦$❡❞♥♦ ✈❡➸❡♠♦ ➸❛$♥✐❝♦ ✐♥ ✉♣♦$♥✐❦ ✳ ▼♦↔✱ ❦✐ ❥♦ ♦❞❞❛❥❛ ➸❛$♥✐❝❛✱ ❥❡ ✷✵✵ ♠❲✳

❛✮ ❑♦❧✐❦➨♥❛ ❥❡ ♥❛♣❡.♦0. ♥❛ ➸❛$♥✐❝✐ ✐♥ ❦♦❧✐❦➨❡♥ ❥❡ ✉♣♦$ ✉♣♦$♥✐❦❛ R1❄

❜✮ ❩ ✉♣♦$♥✐❦♦♠ R ➸❡❧✐♠♦ ✈❡③❥❡ 0♣$❡♠❡♥✐.✐ .❛❦♦✱ ❞❛ ❜♦ ➸❛$♥✐❝❛ 0✈❡.✐❧❛ ③ ♠♦↔❥♦ ✷✹✵ ♠❲✳ ◆❛$✐➨✐

0❤❡♠♦ ❡❧❡❦.$✐↔♥❡❣❛ ❦$♦❣❛ ③ ✈✐$♦♠✱ ➸❛$♥✐❝♦✱ ✉♣♦$♥✐❦♦♠ R1 ✐♥ ✉0.$❡③♥♦ ✈❡③❛♥✐♠ ✉♣♦$♥✐❦♦♠

R✳ ❑♦❧✐❦➨❡♥ ♠♦$❛ ❜✐.✐ ✉♣♦$ ✉♣♦$♥✐❦❛ R❄

✷✳ ❱ 0♦❜✐ ➸❡❧✐♠♦ ✐♠❡.✐ .❡♠♣❡$❛.✉$♦ ✷✷ ❈✳ I♦✈$➨✐♥❛ 0.❡♥ ❥❡ ♠ ✱ ❞❡❜❡❧✐♥❛ ✷✵ ❝♠✱ .♦♣❧♦.♥❛

♣$❡✈♦❞♥♦0. ❲✴♠❑✳ I$❡✈❛❥❛♥❥❡ 0❦♦③✐ .❧❛ ✐♥ 0.$♦♣ ③❛♥❡♠❛$✐♠♦✳

❛✮ ❑♦❧✐❦➨♥❛ ♠♦$❛ ❜✐.✐ ♠♦↔ ❡❧❡❦.$✐↔♥❡ ♣❡↔✐✱ ↔❡ ❥❡ ③✉♥❛♥❥❛ .❡♠♣❡$❛.✉$❛ ✶✵ ❈❄

❜✮ ◆❛♠❡0.♦ ♣❡↔✐ ✉♣♦$❛❜✐♠♦ .♦♣❧♦.♥♦ ↔$♣❛❧❦♦✳ ❚♦ ❥❡ ♥❛♣$❛✈❛✱ ❦✐ ♣$❡↔$♣❛✈❛ .♦♣❧♦.♦ ③ ♠❡0.❛

③ ♥✐➸❥♦ .❡♠♣❡$❛.✉$♦✱ ✱ ♥❛ ♠❡0.♦ ③ ✈✐➨❥♦ .❡♠♣❡$❛.✉$♦✱ ✳ ❷❡ ♦③♥❛↔✐♠♦ .♦♣❧♦.♥✐ .♦❦ ✈

↔$♣❛❧❦♦ ♣$✐ 0 ✐♥ .♦♣❧♦.♥✐ .♦❦ ✐③ ↔$♣❛❧❦❡ ♣$✐ 0 ✱ ✈❡❧❥❛ ✱ ♣$✐ ↔❡♠❡$ ❥❡

❡❧❡❦.$✐↔♥❛ ♠♦↔✱ ❦✐ ❥♦ ❞♦✈❛❥❛♠♦ ↔$♣❛❧❦✐✳ ❱ ✐❞❡❛❧♥✐ .♦♣❧♦.♥✐ ↔$♣❛❧❦✐ ❥❡ $❛③♠❡$❥❡ ♠❡❞ ✈❧♦➸❡♥♦

❡❧❡❦.$✐↔♥♦ ♠♦↔❥♦ ✐♥ ♣$❡↔$♣❛♥♦ ♠♦↔❥♦ ♦❞✈✐0♥♦ ♦❞ ✭❛❜0♦❧✉.♥✐❤✮ .❡♠♣❡$❛.✉$ ✐♥ ❡♥❛❦♦

❑♦❧✐❦➨♥❛ ❥❡ ♣♦.$❡❜♥❛ ❞♦✈❡❞❡♥❛ ❡❧❡❦.$✐↔♥❛ ♠♦↔ ③❛ ↔$♣❛❧❦♦✱ ♣$✐ ❦❛.❡$✐ ❥❡ $❛③♠❡$❥❡ .$✐❦$❛.

✈❡↔❥❡ ♦❞ ✐❞❡❛❧♥❡❣❛✱ ❞❛ ❞♦0❡➸❡ ❡♥❛❦ ✉↔✐♥❡❦ ❦♦. ♣❡↔ ♣$✐ ❛✮❄

❝✮ ❑♦❧✐❦➨♥❛ ❥❡ ❧❛❤❦♦ ♥❛❥♠❛♥❥➨❛ ③✉♥❛♥❥❛ .❡♠♣❡$❛.✉$❛✱ ↔❡ ❥❡ ♥❛❥✈❡↔❥❛ ❡❧❡❦.$✐↔♥❛ ♠♦↔ .♦♣❧♦.♥❡

↔$♣❛❧❦❡ ✐③ ✈♣$❛➨❛♥❥❛ ❜✮ ✶ ❦❲❄

❞✮ I♦❧❡.✐ ❞❡❧♦✈❛♥❥❡ .♦♣❧♦.♥❡ ↔$♣❛❧❦❡ ✐③ ✈♣$❛➨❛♥❥❛ ❜✮ ♦❜$♥❡♠♦✱ ❞❛ ♣$❡↔$♣❛✈❛ .♦♣❧♦.♦ ✐③ ❤❧❛❞♥❡❥➨❡

0♦❜❡ ✈ .♦♣❧❡❥➨♦ ♦❦♦❧✐❝♦✳ ❷$♣❛❧❦❛ ❞❡❧✉❥❡ ❦♦. ❦❧✐♠❛.0❦❛ ♥❛♣$❛✈❛✳ ❑♦❧✐❦➨♥♦ .❡♠♣❡$❛.✉$♦ ❞♦✲

0❡➸❡♠♦ ✈ 0♦❜✐✱ ↔❡ ❥❡ ③✉♥❛♥❥❛ .❡♠♣❡$❛.✉$❛ ✸✺ ❈ ✐♥ ↔$♣❛❧❦❛ ❞❡❧✉❥❡ 0 ❦♦♥0.❛♥.♥♦ ❡❧❡❦.$✐↔♥♦

♠♦↔❥♦ ✷✵✵ ❲❄

❖❇❘◆■✦

✺✺✳ ❋■❩■❑❆▲◆❖ ❚❊❑▼❖❱❆◆❏❊ ❙❘❊❉◆❏❊➆❖▲❈❊❱ ❙▲❖❱❊◆■❏❊

❉4➸❛✈♥♦ :❡❦♠♦✈❛♥❥❡✱ ▼❛4✐❜♦4✱ ✽✳ ✹✳ ✷✵✶✼

❙❦✉♣✐♥❛ ■■

✶✳ ➎❛$♥✐❝❛ ❥❡ ✐③❞❡❧❛♥❛ ③❛ ♥❛♣❡.♦0. ❱✱ ♣$✐ ❦❛.❡$✐ 0✈❡.✐ ③ ♠♦↔❥♦ ✷✹✵ ♠❲✳ ■③ ♣$❡❞♣♦0.❛✈❦❡✱ ❞❛

❥❡ ✉♣♦$ ➸❛$♥✐❝❡ 0♦$❛③♠❡$❡♥ 0 .❡♠♣❡$❛.✉$♦ ➸❛$✐❧♥❡ ♥✐.❦❡✱ ✐♥ ♣$❡❞♣♦0.❛✈❦❡✱ ❞❛ ❥❡ ♠♦↔ ➸❛$♥✐❝❡✱ ❦✐

♦❞❞❛❥❛ ❡♥❡$❣✐❥♦ 0 0❡✈❛♥❥❡♠✱ 0♦$❛③♠❡$♥❛ 0 ↔❡.$.♦ ♣♦.❡♥❝♦ ❛❜0♦❧✉.♥❡ .❡♠♣❡$❛.✉$❡ ➸❛$✐❧♥❡ ♥✐.❦❡✱

❞♦❜✐♠♦ ♠❡❞ ✉♣♦$♦♠ ✐♥ ♠♦↔❥♦ ③✈❡③♦ ✱ ❦❥❡$ ❥❡ ♠♦↔ ➸❛$♥✐❝❡✱ ❦♦ ❥❡ ✉♣♦$

➸❛$♥✐❝❡ ❡♥❛❦ ✳ ◆❛ ✈✐$ ③ ❣♦♥✐❧♥♦ ♥❛♣❡.♦0.❥♦ ❱ ✐♥ ③ ③❛♥❡♠❛$❧❥✐✈✐♠ ♥♦.$❛♥❥✐♠ ✉♣♦$♦♠

③❛♣♦$❡❞♥♦ ✈❡➸❡♠♦ ➸❛$♥✐❝♦ ✐♥ ✉♣♦$♥✐❦ ✳ ▼♦↔✱ ❦✐ ❥♦ ♦❞❞❛❥❛ ➸❛$♥✐❝❛✱ ❥❡ ✷✵✵ ♠❲✳

❛✮ ❑♦❧✐❦➨♥❛ ❥❡ ♥❛♣❡.♦0. ♥❛ ➸❛$♥✐❝✐ ✐♥ ❦♦❧✐❦➨❡♥ ❥❡ ✉♣♦$ ✉♣♦$♥✐❦❛ ❄

❜✮ ❩ ✉♣♦$♥✐❦♦♠ ➸❡❧✐♠♦ ✈❡③❥❡ 0♣$❡♠❡♥✐.✐ .❛❦♦✱ ❞❛ ❜♦ ➸❛$♥✐❝❛ 0✈❡.✐❧❛ ③ ♠♦↔❥♦ ✷✹✵ ♠❲✳ ◆❛$✐➨✐

0❤❡♠♦ ❡❧❡❦.$✐↔♥❡❣❛ ❦$♦❣❛ ③ ✈✐$♦♠✱ ➸❛$♥✐❝♦✱ ✉♣♦$♥✐❦♦♠ ✐♥ ✉0.$❡③♥♦ ✈❡③❛♥✐♠ ✉♣♦$♥✐❦♦♠

✳ ❑♦❧✐❦➨❡♥ ♠♦$❛ ❜✐.✐ ✉♣♦$ ✉♣♦$♥✐❦❛ ❄

✷✳ ❱ 0♦❜✐ ➸❡❧✐♠♦ ✐♠❡.✐ .❡♠♣❡$❛.✉$♦ ✷✷

◦
❈✳ I♦✈$➨✐♥❛ 0.❡♥ ❥❡ Ss = 30 ♠

2
✱ ❞❡❜❡❧✐♥❛ ✷✵ ❝♠✱ .♦♣❧♦.♥❛

♣$❡✈♦❞♥♦0. λ = 1,0 ❲✴♠❑✳ I$❡✈❛❥❛♥❥❡ 0❦♦③✐ .❧❛ ✐♥ 0.$♦♣ ③❛♥❡♠❛$✐♠♦✳

❛✮ ❑♦❧✐❦➨♥❛ ♠♦$❛ ❜✐.✐ ♠♦↔ ❡❧❡❦.$✐↔♥❡ ♣❡↔✐✱ ↔❡ ❥❡ ③✉♥❛♥❥❛ .❡♠♣❡$❛.✉$❛ ✶✵ ❈❄

❜✮ ◆❛♠❡0.♦ ♣❡↔✐ ✉♣♦$❛❜✐♠♦ .♦♣❧♦.♥♦ ↔$♣❛❧❦♦✳ ❚♦ ❥❡ ♥❛♣$❛✈❛✱ ❦✐ ♣$❡↔$♣❛✈❛ .♦♣❧♦.♦ ③ ♠❡0.❛

③ ♥✐➸❥♦ .❡♠♣❡$❛.✉$♦✱ ✱ ♥❛ ♠❡0.♦ ③ ✈✐➨❥♦ .❡♠♣❡$❛.✉$♦✱ ✳ ❷❡ ♦③♥❛↔✐♠♦ .♦♣❧♦.♥✐ .♦❦ ✈

↔$♣❛❧❦♦ ♣$✐ 0 ✐♥ .♦♣❧♦.♥✐ .♦❦ ✐③ ↔$♣❛❧❦❡ ♣$✐ 0 ✱ ✈❡❧❥❛ ✱ ♣$✐ ↔❡♠❡$ ❥❡

❡❧❡❦.$✐↔♥❛ ♠♦↔✱ ❦✐ ❥♦ ❞♦✈❛❥❛♠♦ ↔$♣❛❧❦✐✳ ❱ ✐❞❡❛❧♥✐ .♦♣❧♦.♥✐ ↔$♣❛❧❦✐ ❥❡ $❛③♠❡$❥❡ ♠❡❞ ✈❧♦➸❡♥♦

❡❧❡❦.$✐↔♥♦ ♠♦↔❥♦ ✐♥ ♣$❡↔$♣❛♥♦ ♠♦↔❥♦ ♦❞✈✐0♥♦ ♦❞ ✭❛❜0♦❧✉.♥✐❤✮ .❡♠♣❡$❛.✉$ ✐♥ ❡♥❛❦♦

❑♦❧✐❦➨♥❛ ❥❡ ♣♦.$❡❜♥❛ ❞♦✈❡❞❡♥❛ ❡❧❡❦.$✐↔♥❛ ♠♦↔ ③❛ ↔$♣❛❧❦♦✱ ♣$✐ ❦❛.❡$✐ ❥❡ $❛③♠❡$❥❡ .$✐❦$❛.

✈❡↔❥❡ ♦❞ ✐❞❡❛❧♥❡❣❛✱ ❞❛ ❞♦0❡➸❡ ❡♥❛❦ ✉↔✐♥❡❦ ❦♦. ♣❡↔ ♣$✐ ❛✮❄

❝✮ ❑♦❧✐❦➨♥❛ ❥❡ ❧❛❤❦♦ ♥❛❥♠❛♥❥➨❛ ③✉♥❛♥❥❛ .❡♠♣❡$❛.✉$❛✱ ↔❡ ❥❡ ♥❛❥✈❡↔❥❛ ❡❧❡❦.$✐↔♥❛ ♠♦↔ .♦♣❧♦.♥❡

↔$♣❛❧❦❡ ✐③ ✈♣$❛➨❛♥❥❛ ❜✮ ✶ ❦❲❄

❞✮ I♦❧❡.✐ ❞❡❧♦✈❛♥❥❡ .♦♣❧♦.♥❡ ↔$♣❛❧❦❡ ✐③ ✈♣$❛➨❛♥❥❛ ❜✮ ♦❜$♥❡♠♦✱ ❞❛ ♣$❡↔$♣❛✈❛ .♦♣❧♦.♦ ✐③ ❤❧❛❞♥❡❥➨❡

0♦❜❡ ✈ .♦♣❧❡❥➨♦ ♦❦♦❧✐❝♦✳ ❷$♣❛❧❦❛ ❞❡❧✉❥❡ ❦♦. ❦❧✐♠❛.0❦❛ ♥❛♣$❛✈❛✳ ❑♦❧✐❦➨♥♦ .❡♠♣❡$❛.✉$♦ ❞♦✲

0❡➸❡♠♦ ✈ 0♦❜✐✱ ↔❡ ❥❡ ③✉♥❛♥❥❛ .❡♠♣❡$❛.✉$❛ ✸✺ ❈ ✐♥ ↔$♣❛❧❦❛ ❞❡❧✉❥❡ 0 ❦♦♥0.❛♥.♥♦ ❡❧❡❦.$✐↔♥♦

♠♦↔❥♦ ✷✵✵ ❲❄
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✶✳ ➎❛$♥✐❝❛ ❥❡ ✐③❞❡❧❛♥❛ ③❛ ♥❛♣❡.♦0. ❱✱ ♣$✐ ❦❛.❡$✐ 0✈❡.✐ ③ ♠♦↔❥♦ ✷✹✵ ♠❲✳ ■③ ♣$❡❞♣♦0.❛✈❦❡✱ ❞❛

❥❡ ✉♣♦$ ➸❛$♥✐❝❡ 0♦$❛③♠❡$❡♥ 0 .❡♠♣❡$❛.✉$♦ ➸❛$✐❧♥❡ ♥✐.❦❡✱ ✐♥ ♣$❡❞♣♦0.❛✈❦❡✱ ❞❛ ❥❡ ♠♦↔ ➸❛$♥✐❝❡✱ ❦✐

♦❞❞❛❥❛ ❡♥❡$❣✐❥♦ 0 0❡✈❛♥❥❡♠✱ 0♦$❛③♠❡$♥❛ 0 ↔❡.$.♦ ♣♦.❡♥❝♦ ❛❜0♦❧✉.♥❡ .❡♠♣❡$❛.✉$❡ ➸❛$✐❧♥❡ ♥✐.❦❡✱

❞♦❜✐♠♦ ♠❡❞ ✉♣♦$♦♠ ✐♥ ♠♦↔❥♦ ③✈❡③♦ ✱ ❦❥❡$ ❥❡ ♠♦↔ ➸❛$♥✐❝❡✱ ❦♦ ❥❡ ✉♣♦$

➸❛$♥✐❝❡ ❡♥❛❦ ✳ ◆❛ ✈✐$ ③ ❣♦♥✐❧♥♦ ♥❛♣❡.♦0.❥♦ ❱ ✐♥ ③ ③❛♥❡♠❛$❧❥✐✈✐♠ ♥♦.$❛♥❥✐♠ ✉♣♦$♦♠

③❛♣♦$❡❞♥♦ ✈❡➸❡♠♦ ➸❛$♥✐❝♦ ✐♥ ✉♣♦$♥✐❦ ✳ ▼♦↔✱ ❦✐ ❥♦ ♦❞❞❛❥❛ ➸❛$♥✐❝❛✱ ❥❡ ✷✵✵ ♠❲✳

❛✮ ❑♦❧✐❦➨♥❛ ❥❡ ♥❛♣❡.♦0. ♥❛ ➸❛$♥✐❝✐ ✐♥ ❦♦❧✐❦➨❡♥ ❥❡ ✉♣♦$ ✉♣♦$♥✐❦❛ ❄

❜✮ ❩ ✉♣♦$♥✐❦♦♠ ➸❡❧✐♠♦ ✈❡③❥❡ 0♣$❡♠❡♥✐.✐ .❛❦♦✱ ❞❛ ❜♦ ➸❛$♥✐❝❛ 0✈❡.✐❧❛ ③ ♠♦↔❥♦ ✷✹✵ ♠❲✳ ◆❛$✐➨✐

0❤❡♠♦ ❡❧❡❦.$✐↔♥❡❣❛ ❦$♦❣❛ ③ ✈✐$♦♠✱ ➸❛$♥✐❝♦✱ ✉♣♦$♥✐❦♦♠ ✐♥ ✉0.$❡③♥♦ ✈❡③❛♥✐♠ ✉♣♦$♥✐❦♦♠

✳ ❑♦❧✐❦➨❡♥ ♠♦$❛ ❜✐.✐ ✉♣♦$ ✉♣♦$♥✐❦❛ ❄

✷✳ ❱ 0♦❜✐ ➸❡❧✐♠♦ ✐♠❡.✐ .❡♠♣❡$❛.✉$♦ ✷✷ ❈✳ I♦✈$➨✐♥❛ 0.❡♥ ❥❡ ♠ ✱ ❞❡❜❡❧✐♥❛ ✷✵ ❝♠✱ .♦♣❧♦.♥❛

♣$❡✈♦❞♥♦0. ❲✴♠❑✳ I$❡✈❛❥❛♥❥❡ 0❦♦③✐ .❧❛ ✐♥ 0.$♦♣ ③❛♥❡♠❛$✐♠♦✳

❛✮ ❑♦❧✐❦➨♥❛ ♠♦$❛ ❜✐.✐ ♠♦↔ ❡❧❡❦.$✐↔♥❡ ♣❡↔✐✱ ↔❡ ❥❡ ③✉♥❛♥❥❛ .❡♠♣❡$❛.✉$❛ ✶✵

◦
❈❄

❜✮ ◆❛♠❡0.♦ ♣❡↔✐ ✉♣♦$❛❜✐♠♦ .♦♣❧♦.♥♦ ↔$♣❛❧❦♦✳ ❚♦ ❥❡ ♥❛♣$❛✈❛✱ ❦✐ ♣$❡↔$♣❛✈❛ .♦♣❧♦.♦ ③ ♠❡0.❛

③ ♥✐➸❥♦ .❡♠♣❡$❛.✉$♦✱ Tn✱ ♥❛ ♠❡0.♦ ③ ✈✐➨❥♦ .❡♠♣❡$❛.✉$♦✱ Tv✳ ❷❡ ♦③♥❛↔✐♠♦ .♦♣❧♦.♥✐ .♦❦ ✈

↔$♣❛❧❦♦ ♣$✐ Tn 0 Pn ✐♥ .♦♣❧♦.♥✐ .♦❦ ✐③ ↔$♣❛❧❦❡ ♣$✐ Tv 0 Pv✱ ✈❡❧❥❛ P = Pv −Pn✱ ♣$✐ ↔❡♠❡$ ❥❡ P
❡❧❡❦.$✐↔♥❛ ♠♦↔✱ ❦✐ ❥♦ ❞♦✈❛❥❛♠♦ ↔$♣❛❧❦✐✳ ❱ ✐❞❡❛❧♥✐ .♦♣❧♦.♥✐ ↔$♣❛❧❦✐ ❥❡ $❛③♠❡$❥❡ ♠❡❞ ✈❧♦➸❡♥♦

❡❧❡❦.$✐↔♥♦ ♠♦↔❥♦ ✐♥ ♣$❡↔$♣❛♥♦ ♠♦↔❥♦ ♦❞✈✐0♥♦ ♦❞ ✭❛❜0♦❧✉.♥✐❤✮ .❡♠♣❡$❛.✉$ ✐♥ ❡♥❛❦♦

❑♦❧✐❦➨♥❛ ❥❡ ♣♦.$❡❜♥❛ ❞♦✈❡❞❡♥❛ ❡❧❡❦.$✐↔♥❛ ♠♦↔ ③❛ ↔$♣❛❧❦♦✱ ♣$✐ ❦❛.❡$✐ ❥❡ $❛③♠❡$❥❡ .$✐❦$❛.

✈❡↔❥❡ ♦❞ ✐❞❡❛❧♥❡❣❛✱ ❞❛ ❞♦0❡➸❡ ❡♥❛❦ ✉↔✐♥❡❦ ❦♦. ♣❡↔ ♣$✐ ❛✮❄

❝✮ ❑♦❧✐❦➨♥❛ ❥❡ ❧❛❤❦♦ ♥❛❥♠❛♥❥➨❛ ③✉♥❛♥❥❛ .❡♠♣❡$❛.✉$❛✱ ↔❡ ❥❡ ♥❛❥✈❡↔❥❛ ❡❧❡❦.$✐↔♥❛ ♠♦↔ .♦♣❧♦.♥❡

↔$♣❛❧❦❡ ✐③ ✈♣$❛➨❛♥❥❛ ❜✮ ✶ ❦❲❄

❞✮ I♦❧❡.✐ ❞❡❧♦✈❛♥❥❡ .♦♣❧♦.♥❡ ↔$♣❛❧❦❡ ✐③ ✈♣$❛➨❛♥❥❛ ❜✮ ♦❜$♥❡♠♦✱ ❞❛ ♣$❡↔$♣❛✈❛ .♦♣❧♦.♦ ✐③ ❤❧❛❞♥❡❥➨❡

0♦❜❡ ✈ .♦♣❧❡❥➨♦ ♦❦♦❧✐❝♦✳ ❷$♣❛❧❦❛ ❞❡❧✉❥❡ ❦♦. ❦❧✐♠❛.0❦❛ ♥❛♣$❛✈❛✳ ❑♦❧✐❦➨♥♦ .❡♠♣❡$❛.✉$♦ ❞♦✲

0❡➸❡♠♦ ✈ 0♦❜✐✱ ↔❡ ❥❡ ③✉♥❛♥❥❛ .❡♠♣❡$❛.✉$❛ ✸✺ ❈ ✐♥ ↔$♣❛❧❦❛ ❞❡❧✉❥❡ 0 ❦♦♥0.❛♥.♥♦ ❡❧❡❦.$✐↔♥♦

♠♦↔❥♦ ✷✵✵ ❲❄
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✶✳ ➎❛$♥✐❝❛ ❥❡ ✐③❞❡❧❛♥❛ ③❛ ♥❛♣❡.♦0. ❱✱ ♣$✐ ❦❛.❡$✐ 0✈❡.✐ ③ ♠♦↔❥♦ ✷✹✵ ♠❲✳ ■③ ♣$❡❞♣♦0.❛✈❦❡✱ ❞❛

❥❡ ✉♣♦$ ➸❛$♥✐❝❡ 0♦$❛③♠❡$❡♥ 0 .❡♠♣❡$❛.✉$♦ ➸❛$✐❧♥❡ ♥✐.❦❡✱ ✐♥ ♣$❡❞♣♦0.❛✈❦❡✱ ❞❛ ❥❡ ♠♦↔ ➸❛$♥✐❝❡✱ ❦✐

♦❞❞❛❥❛ ❡♥❡$❣✐❥♦ 0 0❡✈❛♥❥❡♠✱ 0♦$❛③♠❡$♥❛ 0 ↔❡.$.♦ ♣♦.❡♥❝♦ ❛❜0♦❧✉.♥❡ .❡♠♣❡$❛.✉$❡ ➸❛$✐❧♥❡ ♥✐.❦❡✱

❞♦❜✐♠♦ ♠❡❞ ✉♣♦$♦♠ ✐♥ ♠♦↔❥♦ ③✈❡③♦ ✱ ❦❥❡$ ❥❡ ♠♦↔ ➸❛$♥✐❝❡✱ ❦♦ ❥❡ ✉♣♦$

➸❛$♥✐❝❡ ❡♥❛❦ ✳ ◆❛ ✈✐$ ③ ❣♦♥✐❧♥♦ ♥❛♣❡.♦0.❥♦ ❱ ✐♥ ③ ③❛♥❡♠❛$❧❥✐✈✐♠ ♥♦.$❛♥❥✐♠ ✉♣♦$♦♠

③❛♣♦$❡❞♥♦ ✈❡➸❡♠♦ ➸❛$♥✐❝♦ ✐♥ ✉♣♦$♥✐❦ ✳ ▼♦↔✱ ❦✐ ❥♦ ♦❞❞❛❥❛ ➸❛$♥✐❝❛✱ ❥❡ ✷✵✵ ♠❲✳

❛✮ ❑♦❧✐❦➨♥❛ ❥❡ ♥❛♣❡.♦0. ♥❛ ➸❛$♥✐❝✐ ✐♥ ❦♦❧✐❦➨❡♥ ❥❡ ✉♣♦$ ✉♣♦$♥✐❦❛ ❄

❜✮ ❩ ✉♣♦$♥✐❦♦♠ ➸❡❧✐♠♦ ✈❡③❥❡ 0♣$❡♠❡♥✐.✐ .❛❦♦✱ ❞❛ ❜♦ ➸❛$♥✐❝❛ 0✈❡.✐❧❛ ③ ♠♦↔❥♦ ✷✹✵ ♠❲✳ ◆❛$✐➨✐

0❤❡♠♦ ❡❧❡❦.$✐↔♥❡❣❛ ❦$♦❣❛ ③ ✈✐$♦♠✱ ➸❛$♥✐❝♦✱ ✉♣♦$♥✐❦♦♠ ✐♥ ✉0.$❡③♥♦ ✈❡③❛♥✐♠ ✉♣♦$♥✐❦♦♠

✳ ❑♦❧✐❦➨❡♥ ♠♦$❛ ❜✐.✐ ✉♣♦$ ✉♣♦$♥✐❦❛ ❄

✷✳ ❱ 0♦❜✐ ➸❡❧✐♠♦ ✐♠❡.✐ .❡♠♣❡$❛.✉$♦ ✷✷ ❈✳ I♦✈$➨✐♥❛ 0.❡♥ ❥❡ ♠ ✱ ❞❡❜❡❧✐♥❛ ✷✵ ❝♠✱ .♦♣❧♦.♥❛

♣$❡✈♦❞♥♦0. ❲✴♠❑✳ I$❡✈❛❥❛♥❥❡ 0❦♦③✐ .❧❛ ✐♥ 0.$♦♣ ③❛♥❡♠❛$✐♠♦✳

❛✮ ❑♦❧✐❦➨♥❛ ♠♦$❛ ❜✐.✐ ♠♦↔ ❡❧❡❦.$✐↔♥❡ ♣❡↔✐✱ ↔❡ ❥❡ ③✉♥❛♥❥❛ .❡♠♣❡$❛.✉$❛ ✶✵ ❈❄

❜✮ ◆❛♠❡0.♦ ♣❡↔✐ ✉♣♦$❛❜✐♠♦ .♦♣❧♦.♥♦ ↔$♣❛❧❦♦✳ ❚♦ ❥❡ ♥❛♣$❛✈❛✱ ❦✐ ♣$❡↔$♣❛✈❛ .♦♣❧♦.♦ ③ ♠❡0.❛

③ ♥✐➸❥♦ .❡♠♣❡$❛.✉$♦✱ ✱ ♥❛ ♠❡0.♦ ③ ✈✐➨❥♦ .❡♠♣❡$❛.✉$♦✱ ✳ ❷❡ ♦③♥❛↔✐♠♦ .♦♣❧♦.♥✐ .♦❦ ✈

↔$♣❛❧❦♦ ♣$✐ 0 ✐♥ .♦♣❧♦.♥✐ .♦❦ ✐③ ↔$♣❛❧❦❡ ♣$✐ 0 ✱ ✈❡❧❥❛ ✱ ♣$✐ ↔❡♠❡$ ❥❡

❡❧❡❦.$✐↔♥❛ ♠♦↔✱ ❦✐ ❥♦ ❞♦✈❛❥❛♠♦ ↔$♣❛❧❦✐✳ ❱ ✐❞❡❛❧♥✐ .♦♣❧♦.♥✐ ↔$♣❛❧❦✐ ❥❡ $❛③♠❡$❥❡ ♠❡❞ ✈❧♦➸❡♥♦

❡❧❡❦.$✐↔♥♦ ♠♦↔❥♦ ✐♥ ♣$❡↔$♣❛♥♦ ♠♦↔❥♦ ♦❞✈✐0♥♦ ♦❞ ✭❛❜0♦❧✉.♥✐❤✮ .❡♠♣❡$❛.✉$ ✐♥ ❡♥❛❦♦

P

Pv

= 1−
Tn

Tv

.

❑♦❧✐❦➨♥❛ ❥❡ ♣♦.$❡❜♥❛ ❞♦✈❡❞❡♥❛ ❡❧❡❦.$✐↔♥❛ ♠♦↔ ③❛ ↔$♣❛❧❦♦✱ ♣$✐ ❦❛.❡$✐ ❥❡ $❛③♠❡$❥❡ .$✐❦$❛.

✈❡↔❥❡ ♦❞ ✐❞❡❛❧♥❡❣❛✱ ❞❛ ❞♦0❡➸❡ ❡♥❛❦ ✉↔✐♥❡❦ ❦♦. ♣❡↔ ♣$✐ ❛✮❄

❝✮ ❑♦❧✐❦➨♥❛ ❥❡ ❧❛❤❦♦ ♥❛❥♠❛♥❥➨❛ ③✉♥❛♥❥❛ .❡♠♣❡$❛.✉$❛✱ ↔❡ ❥❡ ♥❛❥✈❡↔❥❛ ❡❧❡❦.$✐↔♥❛ ♠♦↔ .♦♣❧♦.♥❡

↔$♣❛❧❦❡ ✐③ ✈♣$❛➨❛♥❥❛ ❜✮ ✶ ❦❲❄

❞✮ I♦❧❡.✐ ❞❡❧♦✈❛♥❥❡ .♦♣❧♦.♥❡ ↔$♣❛❧❦❡ ✐③ ✈♣$❛➨❛♥❥❛ ❜✮ ♦❜$♥❡♠♦✱ ❞❛ ♣$❡↔$♣❛✈❛ .♦♣❧♦.♦ ✐③ ❤❧❛❞♥❡❥➨❡

0♦❜❡ ✈ .♦♣❧❡❥➨♦ ♦❦♦❧✐❝♦✳ ❷$♣❛❧❦❛ ❞❡❧✉❥❡ ❦♦. ❦❧✐♠❛.0❦❛ ♥❛♣$❛✈❛✳ ❑♦❧✐❦➨♥♦ .❡♠♣❡$❛.✉$♦ ❞♦✲

0❡➸❡♠♦ ✈ 0♦❜✐✱ ↔❡ ❥❡ ③✉♥❛♥❥❛ .❡♠♣❡$❛.✉$❛ ✸✺ ❈ ✐♥ ↔$♣❛❧❦❛ ❞❡❧✉❥❡ 0 ❦♦♥0.❛♥.♥♦ ❡❧❡❦.$✐↔♥♦

♠♦↔❥♦ ✷✵✵ ❲❄
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❉4➸❛✈♥♦ :❡❦♠♦✈❛♥❥❡✱ ▼❛4✐❜♦4✱ ✽✳ ✹✳ ✷✵✶✼

❙❦✉♣✐♥❛ ■■

✶✳ ➎❛$♥✐❝❛ ❥❡ ✐③❞❡❧❛♥❛ ③❛ ♥❛♣❡.♦0. ❱✱ ♣$✐ ❦❛.❡$✐ 0✈❡.✐ ③ ♠♦↔❥♦ ✷✹✵ ♠❲✳ ■③ ♣$❡❞♣♦0.❛✈❦❡✱ ❞❛

❥❡ ✉♣♦$ ➸❛$♥✐❝❡ 0♦$❛③♠❡$❡♥ 0 .❡♠♣❡$❛.✉$♦ ➸❛$✐❧♥❡ ♥✐.❦❡✱ ✐♥ ♣$❡❞♣♦0.❛✈❦❡✱ ❞❛ ❥❡ ♠♦↔ ➸❛$♥✐❝❡✱ ❦✐

♦❞❞❛❥❛ ❡♥❡$❣✐❥♦ 0 0❡✈❛♥❥❡♠✱ 0♦$❛③♠❡$♥❛ 0 ↔❡.$.♦ ♣♦.❡♥❝♦ ❛❜0♦❧✉.♥❡ .❡♠♣❡$❛.✉$❡ ➸❛$✐❧♥❡ ♥✐.❦❡✱

❞♦❜✐♠♦ ♠❡❞ ✉♣♦$♦♠ ✐♥ ♠♦↔❥♦ ③✈❡③♦ ✱ ❦❥❡$ ❥❡ ♠♦↔ ➸❛$♥✐❝❡✱ ❦♦ ❥❡ ✉♣♦$

➸❛$♥✐❝❡ ❡♥❛❦ ✳ ◆❛ ✈✐$ ③ ❣♦♥✐❧♥♦ ♥❛♣❡.♦0.❥♦ ❱ ✐♥ ③ ③❛♥❡♠❛$❧❥✐✈✐♠ ♥♦.$❛♥❥✐♠ ✉♣♦$♦♠

③❛♣♦$❡❞♥♦ ✈❡➸❡♠♦ ➸❛$♥✐❝♦ ✐♥ ✉♣♦$♥✐❦ ✳ ▼♦↔✱ ❦✐ ❥♦ ♦❞❞❛❥❛ ➸❛$♥✐❝❛✱ ❥❡ ✷✵✵ ♠❲✳

❛✮ ❑♦❧✐❦➨♥❛ ❥❡ ♥❛♣❡.♦0. ♥❛ ➸❛$♥✐❝✐ ✐♥ ❦♦❧✐❦➨❡♥ ❥❡ ✉♣♦$ ✉♣♦$♥✐❦❛ ❄

❜✮ ❩ ✉♣♦$♥✐❦♦♠ ➸❡❧✐♠♦ ✈❡③❥❡ 0♣$❡♠❡♥✐.✐ .❛❦♦✱ ❞❛ ❜♦ ➸❛$♥✐❝❛ 0✈❡.✐❧❛ ③ ♠♦↔❥♦ ✷✹✵ ♠❲✳ ◆❛$✐➨✐

0❤❡♠♦ ❡❧❡❦.$✐↔♥❡❣❛ ❦$♦❣❛ ③ ✈✐$♦♠✱ ➸❛$♥✐❝♦✱ ✉♣♦$♥✐❦♦♠ ✐♥ ✉0.$❡③♥♦ ✈❡③❛♥✐♠ ✉♣♦$♥✐❦♦♠

✳ ❑♦❧✐❦➨❡♥ ♠♦$❛ ❜✐.✐ ✉♣♦$ ✉♣♦$♥✐❦❛ ❄

✷✳ ❱ 0♦❜✐ ➸❡❧✐♠♦ ✐♠❡.✐ .❡♠♣❡$❛.✉$♦ ✷✷ ❈✳ I♦✈$➨✐♥❛ 0.❡♥ ❥❡ ♠ ✱ ❞❡❜❡❧✐♥❛ ✷✵ ❝♠✱ .♦♣❧♦.♥❛

♣$❡✈♦❞♥♦0. ❲✴♠❑✳ I$❡✈❛❥❛♥❥❡ 0❦♦③✐ .❧❛ ✐♥ 0.$♦♣ ③❛♥❡♠❛$✐♠♦✳

❛✮ ❑♦❧✐❦➨♥❛ ♠♦$❛ ❜✐.✐ ♠♦↔ ❡❧❡❦.$✐↔♥❡ ♣❡↔✐✱ ↔❡ ❥❡ ③✉♥❛♥❥❛ .❡♠♣❡$❛.✉$❛ ✶✵ ❈❄

❜✮ ◆❛♠❡0.♦ ♣❡↔✐ ✉♣♦$❛❜✐♠♦ .♦♣❧♦.♥♦ ↔$♣❛❧❦♦✳ ❚♦ ❥❡ ♥❛♣$❛✈❛✱ ❦✐ ♣$❡↔$♣❛✈❛ .♦♣❧♦.♦ ③ ♠❡0.❛

③ ♥✐➸❥♦ .❡♠♣❡$❛.✉$♦✱ ✱ ♥❛ ♠❡0.♦ ③ ✈✐➨❥♦ .❡♠♣❡$❛.✉$♦✱ ✳ ❷❡ ♦③♥❛↔✐♠♦ .♦♣❧♦.♥✐ .♦❦ ✈

↔$♣❛❧❦♦ ♣$✐ 0 ✐♥ .♦♣❧♦.♥✐ .♦❦ ✐③ ↔$♣❛❧❦❡ ♣$✐ 0 ✱ ✈❡❧❥❛ ✱ ♣$✐ ↔❡♠❡$ ❥❡

❡❧❡❦.$✐↔♥❛ ♠♦↔✱ ❦✐ ❥♦ ❞♦✈❛❥❛♠♦ ↔$♣❛❧❦✐✳ ❱ ✐❞❡❛❧♥✐ .♦♣❧♦.♥✐ ↔$♣❛❧❦✐ ❥❡ $❛③♠❡$❥❡ ♠❡❞ ✈❧♦➸❡♥♦

❡❧❡❦.$✐↔♥♦ ♠♦↔❥♦ ✐♥ ♣$❡↔$♣❛♥♦ ♠♦↔❥♦ ♦❞✈✐0♥♦ ♦❞ ✭❛❜0♦❧✉.♥✐❤✮ .❡♠♣❡$❛.✉$ ✐♥ ❡♥❛❦♦

❑♦❧✐❦➨♥❛ ❥❡ ♣♦.$❡❜♥❛ ❞♦✈❡❞❡♥❛ ❡❧❡❦.$✐↔♥❛ ♠♦↔ ③❛ ↔$♣❛❧❦♦✱ ♣$✐ ❦❛.❡$✐ ❥❡ $❛③♠❡$❥❡ P/Pv .$✐❦$❛.

✈❡↔❥❡ ♦❞ ✐❞❡❛❧♥❡❣❛✱ ❞❛ ❞♦0❡➸❡ ❡♥❛❦ ✉↔✐♥❡❦ ❦♦. ♣❡↔ ♣$✐ ❛✮❄

❝✮ ❑♦❧✐❦➨♥❛ ❥❡ ❧❛❤❦♦ ♥❛❥♠❛♥❥➨❛ ③✉♥❛♥❥❛ .❡♠♣❡$❛.✉$❛✱ ↔❡ ❥❡ ♥❛❥✈❡↔❥❛ ❡❧❡❦.$✐↔♥❛ ♠♦↔ .♦♣❧♦.♥❡

↔$♣❛❧❦❡ ✐③ ✈♣$❛➨❛♥❥❛ ❜✮ ✶ ❦❲❄

❞✮ I♦❧❡.✐ ❞❡❧♦✈❛♥❥❡ .♦♣❧♦.♥❡ ↔$♣❛❧❦❡ ✐③ ✈♣$❛➨❛♥❥❛ ❜✮ ♦❜$♥❡♠♦✱ ❞❛ ♣$❡↔$♣❛✈❛ .♦♣❧♦.♦ ✐③ ❤❧❛❞♥❡❥➨❡

0♦❜❡ ✈ .♦♣❧❡❥➨♦ ♦❦♦❧✐❝♦✳ ❷$♣❛❧❦❛ ❞❡❧✉❥❡ ❦♦. ❦❧✐♠❛.0❦❛ ♥❛♣$❛✈❛✳ ❑♦❧✐❦➨♥♦ .❡♠♣❡$❛.✉$♦ ❞♦✲

0❡➸❡♠♦ ✈ 0♦❜✐✱ ↔❡ ❥❡ ③✉♥❛♥❥❛ .❡♠♣❡$❛.✉$❛ ✸✺

◦
❈ ✐♥ ↔$♣❛❧❦❛ ❞❡❧✉❥❡ 0 ❦♦♥0.❛♥.♥♦ ❡❧❡❦.$✐↔♥♦

♠♦↔❥♦ ✷✵✵ ❲❄

❖❇❘◆■✦

✸✳ ❱❡❧✐❦ ↔❛❥♥✐❦ + ♣-♦+/♦-♥✐♥♦ ✹✱✵ ❞♠

3
✐♠❛ ♥❛ ✈-❤✉ ❞♦❧❣ ♥❛✈♣✐↔❡♥ ✈-❛/ +

♣♦❧♠❡-♦♠ r = 1,0 ❝♠✳ ❱ ↔❛❥♥✐❦✉✱ ❦✐ ❣❛ ♣♦+/❛✈✐♠♦ ♥❛ ❣-❡❧♥♦ ♣❧♦➨↔♦✱

+❡❣-❡✈❛♠♦ ✵✱✺✵ ❞♠

3
✈♦❞❡✳ ❚✐❦ ♣-❡❞❡♥ ✈♦❞❛ ③❛✈-❡✱ ❥❡ ✈ ↔❛❥♥✐❦✉ ♥❛❞

✈♦❞♦ +❛♠♦ ✈♦❞♥❛ ♣❛-❛ ✐♥ ♥✐↔ ③-❛❦❛✳ >-❡❦♦ ✈-❛/✉ ♣♦✈❡③♥❡♠♦ ❦♦✈✐♥+❦✐

♣♦❦-♦✈ ③ ♠❛+♦ ✶✵✵ ❣✱ ❦✐ ③❛-❛❞✐ -❡❧❛/✐✈♥♦ ✈❡❧✐❦❡ ♠❛+❡ ❞♦❜-♦ /❡+♥✐✱ ❛ +❡

♥❡ ❞♦/✐❦❛ ♥❛✈♣✐↔♥✐❤ +/❡♥ ✈-❛/✉✳ ❑♦ ✈♦❞❛ ✈ ↔❛❥♥✐❦✉ ♣-✐ T0 = 100 ◦
❈

③❛✈-❡✱ +/❛ /✉❞✐ ♣♦❦-♦✈ ✐♥ ↔❛❥♥✐❦ +❡❣-❡/❛ ♥❛ T0✱ /❧❛❦ ③✉♥❛❥ ✐♥ ③♥♦/-❛❥

↔❛❥♥✐❦❛ ❥❡ /❛❦-❛/ p0 = 100 ❦>❛✳

❛✮ >-✐✈③❡♠✐✱ ❞❛ +❡ /❡♠♣❡-❛/✉-❛ ✈♦❞♥❡ ♣❛-❡ ♠❡❞ ✈-❡♥❥❡♠ ♥❡ +♣-❡♠✐♥❥❛✱ ♣♦✈❡↔✉❥❡ +❡ ❧❡ /❧❛❦

✈♦❞♥❡ ♣❛-❡✳ ❑♦❧✐❦♦ ✈♦❞❡ ♠♦-❛ ✐③♣❛-❡/✐✱ ❞❛ +❡ ♣♦❦-♦✈ ❞✈✐❣♥❡ ③ ✈-❛/✉❄ ❑✐❧♦♠♦❧+❦❛ ♠❛+❛ ✈♦❞❡

❥❡ ✶✽ ❦❣✴❦♠♦❧✳

❜✮ >-✐ /❡♠♣❡-❛/✉-✐ ❜❧✐③✉ ❥❡ ❝❡❧♦/❡♥ /♦♣❧♦/♥✐ /♦❦✱ ❦✐ ❣❛ ↔❛❥♥✐❦ ♣-❡❥❡♠❛✱ ❦♦ ♦❞➨/❡❥❡♠♦ /♦♣❧♦✲

/♥✐ /♦❦✱ ❦✐ ❣❛ +❡❣-❡/ ↔❛❥♥✐❦ ♦❞❞❛❥❛ ✈ ♦❦♦❧✐❝♦✱ ✷✺ ❲✳ ❙♣❡❝✐✜↔♥❛ ✐③♣❛-✐❧♥❛ /♦♣❧♦/❛ ✈♦❞❡ ❥❡

✷✱✷✻ ▼❏✴❦❣✳ ❑♦❧✐❦♦ ↔❛+❛ /-❛❥❛✱ ❞❛ ✈♦❞❛ ✐③ ✈♣-❛➨❛♥❥❛ ❛✮ ✐③♣❛-✐❄

❝✮ ❱ -❡+♥✐❝✐ ❥❡ /❡♠♣❡-❛/✉-❛ ✈-❡❧✐➨↔❛ ♦❞✈✐+♥❛ ♦❞ /❧❛❦❛ ✐♥ +❡ ✈ ❜❧✐➸✐♥✐ ♣♦✈❡↔❛ ③❛ ✵✱✷✺ ❑ ③❛

✈+❛❦✐❤ ✶✱✵ ❦>❛ ♣♦✈❡↔❛♥❥❛ /❧❛❦❛✳ ❙❦✉♣♥❛ /♦♣❧♦/♥❛ ❦❛♣❛❝✐/❡/❛ ↔❛❥♥✐❦❛ ✐♥ ③❛♠❛➨❦❛ ❥❡ ✸✵✵ ❏✴❑✳

❑♦❧✐❦♦ ↔❛+❛ ♦❞ /❛❦-❛/✱ ❦♦ ✈♦❞❛ ③❛✈-❡✱ ✈ /❡♠ ♣-✐♠❡-✉ /-❛❥❛✱ ❞❛ +❡ ♣♦❦-♦✈ ❞✈✐❣♥❡❄

✭❉♦✈❡❞❡♥❛ /♦♣❧♦/❛✱ ♣♦/-❡❜♥❛ ③❛ +❡❣-❡/❥❡ /❡❧❡+❛ + /♦♣❧♦/♥♦ ❦❛♣❛❝✐/❡/♦ ③❛ /❡♠♣❡-❛/✉-♥♦

-❛③❧✐❦♦ ✱ ❥❡ ✳✮

✹✳ ❑♦♥❞❡♥③❛/♦- ❥❡ +❡+/❛✈❧❥❡♥ ✐③ /-❡❤ ❦♦✈✐♥+❦✐❤ ♣❧♦➨↔ ✈ ♦❜❧✐❦✐ ❦✈❛❞-❛/❛ + +/-❛♥✐❝♦ ✶✵ ❝♠✱ ♣♦+/❛✈❧❥❡♥✐❤

✈ ❡♥❛❦♦♠❡-♥✐❤ -❛③♠✐❦✐❤✱ ❦♦/ ❦❛➸❡ +❧✐❦❛✳ ❘❛③♠✐❦ ♠❡❞ +♦+❡❞♥❥✐♠❛ ♣❧♦➨↔❛♠❛ ❥❡ ✵✱✶ ♠♠✳

❛✮ ◆❛ ♣❧♦➨↔❡ ♥❛♥❡+❡♠♦ ♥❛❜♦❥ ✶✵ ♥❆+ ✭ ♥❆+ ♥❛ ③✉♥❛♥❥✐ ❞✈❡ ✐♥ ♥❆+ ♥❛ ♥♦/-❛♥❥♦✮✳

❑♦❧✐❦➨♥❛ ❥❡ ❥❛❦♦+/ ❡❧❡❦/-✐↔♥❡❣❛ ♣♦❧❥❛ ♠❡❞ ♣❧♦➨↔❛♠✐❄

◆❛♠✐❣ ✿ >♦③♥❛➨ ❡♥❛↔❜♦ ③❛ ❡❧❡❦/-✐↔♥♦ ♣♦❧❥❡ ❡♥❡ ♣❧♦➨↔❡✳ ❯♣♦➨/❡✈❛❥✱ ❞❛ ❦ ❡❧❡❦/-✐↔♥❡♠ ♣♦❧❥✉ ✈

♣-♦+/♦-✉ ♠❡❞ ♣♦❧❥✉❜♥✐♠❛ ♣❧♦➨↔❛♠❛ ♣-✐+♣❡✈❛❥♦ ✈ ❡♥❛❦✐ ♠❡-✐ ✈+❡ ♣❧♦➨↔❡✳

❜✮ ❑♦❧✐❦➨♥❛ ❥❡ ♥❛♣❡/♦+/ ♠❡❞ ♥♦/-❛♥❥♦ ✐♥ ③✉♥❛♥❥✐♠❛ ♣❧♦➨↔❛♠❛❄ ❑♦❧✐❦➨♥❛ ❥❡ ❦❛♣❛❝✐/❡/❛ /❛❦➨♥❡❣❛

❦♦♥❞❡♥③❛/♦-❥❛❄ >❧♦➨↔❡ +❡ ♠❛❦+✐♠❛❧♥♦ ♣-❡❦-✐✈❛❥♦✱ ❛ /❛❦♦✱ ❞❛ ♥❡ ♣-✐❞❡ ❞♦ +/✐❦❛✳

❝✮ ❑♦♥❞❡♥③❛/♦- ♣-✐❦❧❥✉↔✐♠♦ ♥❛ ♥❛♣❡/♦+/ ✶✷ ❱ ✐♥ ♣♦↔❛❦❛♠♦✱ ❞❛ +❡ ♥❛♣❡/♦+/ ♥❛ ❦♦♥❞❡♥③❛/♦-❥✉

✉+/❛❧✐✳ ◆❡❣❛/✐✈♥♦ ♣❧♦➨↔♦ ♣-✐↔♥❡♠♦ + ❦♦♥+/❛♥/♥♦ ❤✐/-♦+/❥♦ ✺✵ ❝♠✴+ ✈❧❡↔✐ ✐③ ❦♦♥❞❡♥③❛/♦-❥❛✱

/❛❦♦ ❞❛ +❡ -❛③♠✐❦ ♠❡❞ ♣❧♦➨↔❛♠✐ ♦❤-❛♥❥❛✳ ❑♦❧✐❦➨❡♥ /♦❦ /❡↔❡ ✈ ✈❡③❥✉❄ ❚❡↔❡ /♦❦ ♦❞ ♣♦③✐/✐✈♥❡

♣❧♦➨↔❡ ♣-♦/✐ ♥❡❣❛/✐✈♥✐ ❛❧✐ ♦❜-❛/♥♦❄

❝

✷✵✶✼ ❉▼❋❆ ❙❧♦✈❡♥✐❥❡✱ ❑♦♠✐4✐❥❛ ③❛ ♣♦♣✉❧❛9✐③❛❝✐❥♦ ✜③✐❦❡ ✈ 49❡❞♥❥✐ ➨♦❧✐

✸✳ ❱❡❧✐❦ ↔❛❥♥✐❦ + ♣-♦+/♦-♥✐♥♦ ✹✱✵ ❞♠ ✐♠❛ ♥❛ ✈-❤✉ ❞♦❧❣ ♥❛✈♣✐↔❡♥ ✈-❛/ +

♣♦❧♠❡-♦♠ ❝♠✳ ❱ ↔❛❥♥✐❦✉✱ ❦✐ ❣❛ ♣♦+/❛✈✐♠♦ ♥❛ ❣-❡❧♥♦ ♣❧♦➨↔♦✱

+❡❣-❡✈❛♠♦ ✵✱✺✵ ❞♠ ✈♦❞❡✳ ❚✐❦ ♣-❡❞❡♥ ✈♦❞❛ ③❛✈-❡✱ ❥❡ ✈ ↔❛❥♥✐❦✉ ♥❛❞

✈♦❞♦ +❛♠♦ ✈♦❞♥❛ ♣❛-❛ ✐♥ ♥✐↔ ③-❛❦❛✳ >-❡❦♦ ✈-❛/✉ ♣♦✈❡③♥❡♠♦ ❦♦✈✐♥+❦✐

♣♦❦-♦✈ ③ ♠❛+♦ ✶✵✵ ❣✱ ❦✐ ③❛-❛❞✐ -❡❧❛/✐✈♥♦ ✈❡❧✐❦❡ ♠❛+❡ ❞♦❜-♦ /❡+♥✐✱ ❛ +❡

♥❡ ❞♦/✐❦❛ ♥❛✈♣✐↔♥✐❤ +/❡♥ ✈-❛/✉✳ ❑♦ ✈♦❞❛ ✈ ↔❛❥♥✐❦✉ ♣-✐ ❈

③❛✈-❡✱ +/❛ /✉❞✐ ♣♦❦-♦✈ ✐♥ ↔❛❥♥✐❦ +❡❣-❡/❛ ♥❛ ✱ /❧❛❦ ③✉♥❛❥ ✐♥ ③♥♦/-❛❥

↔❛❥♥✐❦❛ ❥❡ /❛❦-❛/ ❦>❛✳

❛✮ >-✐✈③❡♠✐✱ ❞❛ +❡ /❡♠♣❡-❛/✉-❛ ✈♦❞♥❡ ♣❛-❡ ♠❡❞ ✈-❡♥❥❡♠ ♥❡ +♣-❡♠✐♥❥❛✱ ♣♦✈❡↔✉❥❡ +❡ ❧❡ /❧❛❦

✈♦❞♥❡ ♣❛-❡✳ ❑♦❧✐❦♦ ✈♦❞❡ ♠♦-❛ ✐③♣❛-❡/✐✱ ❞❛ +❡ ♣♦❦-♦✈ ❞✈✐❣♥❡ ③ ✈-❛/✉❄ ❑✐❧♦♠♦❧+❦❛ ♠❛+❛ ✈♦❞❡

❥❡ ✶✽ ❦❣✴❦♠♦❧✳

❜✮ >-✐ /❡♠♣❡-❛/✉-✐ ❜❧✐③✉ T0 ❥❡ ❝❡❧♦/❡♥ /♦♣❧♦/♥✐ /♦❦✱ ❦✐ ❣❛ ↔❛❥♥✐❦ ♣-❡❥❡♠❛✱ ❦♦ ♦❞➨/❡❥❡♠♦ /♦♣❧♦✲

/♥✐ /♦❦✱ ❦✐ ❣❛ +❡❣-❡/ ↔❛❥♥✐❦ ♦❞❞❛❥❛ ✈ ♦❦♦❧✐❝♦✱ ✷✺ ❲✳ ❙♣❡❝✐✜↔♥❛ ✐③♣❛-✐❧♥❛ /♦♣❧♦/❛ ✈♦❞❡ ❥❡

✷✱✷✻ ▼❏✴❦❣✳ ❑♦❧✐❦♦ ↔❛+❛ /-❛❥❛✱ ❞❛ ✈♦❞❛ ✐③ ✈♣-❛➨❛♥❥❛ ❛✮ ✐③♣❛-✐❄

❝✮ ❱ -❡+♥✐❝✐ ❥❡ /❡♠♣❡-❛/✉-❛ ✈-❡❧✐➨↔❛ ♦❞✈✐+♥❛ ♦❞ /❧❛❦❛ ✐♥ +❡ ✈ ❜❧✐➸✐♥✐ T0 ♣♦✈❡↔❛ ③❛ ✵✱✷✺ ❑ ③❛

✈+❛❦✐❤ ✶✱✵ ❦>❛ ♣♦✈❡↔❛♥❥❛ /❧❛❦❛✳ ❙❦✉♣♥❛ /♦♣❧♦/♥❛ ❦❛♣❛❝✐/❡/❛ ↔❛❥♥✐❦❛ ✐♥ ③❛♠❛➨❦❛ ❥❡ ✸✵✵ ❏✴❑✳

❑♦❧✐❦♦ ↔❛+❛ ♦❞ /❛❦-❛/✱ ❦♦ ✈♦❞❛ ③❛✈-❡✱ ✈ /❡♠ ♣-✐♠❡-✉ /-❛❥❛✱ ❞❛ +❡ ♣♦❦-♦✈ ❞✈✐❣♥❡❄

✭❉♦✈❡❞❡♥❛ /♦♣❧♦/❛✱ ♣♦/-❡❜♥❛ ③❛ +❡❣-❡/❥❡ /❡❧❡+❛ + /♦♣❧♦/♥♦ ❦❛♣❛❝✐/❡/♦ C ③❛ /❡♠♣❡-❛/✉-♥♦

-❛③❧✐❦♦ ∆T ✱ ❥❡ Q = C∆T ✳✮

✹✳ ❑♦♥❞❡♥③❛/♦- ❥❡ +❡+/❛✈❧❥❡♥ ✐③ /-❡❤ ❦♦✈✐♥+❦✐❤ ♣❧♦➨↔ ✈ ♦❜❧✐❦✐ ❦✈❛❞-❛/❛ + +/-❛♥✐❝♦ ✶✵ ❝♠✱ ♣♦+/❛✈❧❥❡♥✐❤

✈ ❡♥❛❦♦♠❡-♥✐❤ -❛③♠✐❦✐❤✱ ❦♦/ ❦❛➸❡ +❧✐❦❛✳ ❘❛③♠✐❦ ♠❡❞ +♦+❡❞♥❥✐♠❛ ♣❧♦➨↔❛♠❛ ❥❡ ✵✱✶ ♠♠✳

❛✮ ◆❛ ♣❧♦➨↔❡ ♥❛♥❡+❡♠♦ ♥❛❜♦❥ ✶✵ ♥❆+ ✭ ♥❆+ ♥❛ ③✉♥❛♥❥✐ ❞✈❡ ✐♥ ♥❆+ ♥❛ ♥♦/-❛♥❥♦✮✳

❑♦❧✐❦➨♥❛ ❥❡ ❥❛❦♦+/ ❡❧❡❦/-✐↔♥❡❣❛ ♣♦❧❥❛ ♠❡❞ ♣❧♦➨↔❛♠✐❄

◆❛♠✐❣ ✿ >♦③♥❛➨ ❡♥❛↔❜♦ ③❛ ❡❧❡❦/-✐↔♥♦ ♣♦❧❥❡ ❡♥❡ ♣❧♦➨↔❡✳ ❯♣♦➨/❡✈❛❥✱ ❞❛ ❦ ❡❧❡❦/-✐↔♥❡♠ ♣♦❧❥✉ ✈

♣-♦+/♦-✉ ♠❡❞ ♣♦❧❥✉❜♥✐♠❛ ♣❧♦➨↔❛♠❛ ♣-✐+♣❡✈❛❥♦ ✈ ❡♥❛❦✐ ♠❡-✐ ✈+❡ ♣❧♦➨↔❡✳

❜✮ ❑♦❧✐❦➨♥❛ ❥❡ ♥❛♣❡/♦+/ ♠❡❞ ♥♦/-❛♥❥♦ ✐♥ ③✉♥❛♥❥✐♠❛ ♣❧♦➨↔❛♠❛❄ ❑♦❧✐❦➨♥❛ ❥❡ ❦❛♣❛❝✐/❡/❛ /❛❦➨♥❡❣❛

❦♦♥❞❡♥③❛/♦-❥❛❄ >❧♦➨↔❡ +❡ ♠❛❦+✐♠❛❧♥♦ ♣-❡❦-✐✈❛❥♦✱ ❛ /❛❦♦✱ ❞❛ ♥❡ ♣-✐❞❡ ❞♦ +/✐❦❛✳

❝✮ ❑♦♥❞❡♥③❛/♦- ♣-✐❦❧❥✉↔✐♠♦ ♥❛ ♥❛♣❡/♦+/ ✶✷ ❱ ✐♥ ♣♦↔❛❦❛♠♦✱ ❞❛ +❡ ♥❛♣❡/♦+/ ♥❛ ❦♦♥❞❡♥③❛/♦-❥✉

✉+/❛❧✐✳ ◆❡❣❛/✐✈♥♦ ♣❧♦➨↔♦ ♣-✐↔♥❡♠♦ + ❦♦♥+/❛♥/♥♦ ❤✐/-♦+/❥♦ ✺✵ ❝♠✴+ ✈❧❡↔✐ ✐③ ❦♦♥❞❡♥③❛/♦-❥❛✱

/❛❦♦ ❞❛ +❡ -❛③♠✐❦ ♠❡❞ ♣❧♦➨↔❛♠✐ ♦❤-❛♥❥❛✳ ❑♦❧✐❦➨❡♥ /♦❦ /❡↔❡ ✈ ✈❡③❥✉❄ ❚❡↔❡ /♦❦ ♦❞ ♣♦③✐/✐✈♥❡

♣❧♦➨↔❡ ♣-♦/✐ ♥❡❣❛/✐✈♥✐ ❛❧✐ ♦❜-❛/♥♦❄

❝

✷✵✶✼ ❉▼❋❆ ❙❧♦✈❡♥✐❥❡✱ ❑♦♠✐4✐❥❛ ③❛ ♣♦♣✉❧❛9✐③❛❝✐❥♦ ✜③✐❦❡ ✈ 49❡❞♥❥✐ ➨♦❧✐

✸✳ ❱❡❧✐❦ ↔❛❥♥✐❦ + ♣-♦+/♦-♥✐♥♦ ✹✱✵ ❞♠ ✐♠❛ ♥❛ ✈-❤✉ ❞♦❧❣ ♥❛✈♣✐↔❡♥ ✈-❛/ +

♣♦❧♠❡-♦♠ ❝♠✳ ❱ ↔❛❥♥✐❦✉✱ ❦✐ ❣❛ ♣♦+/❛✈✐♠♦ ♥❛ ❣-❡❧♥♦ ♣❧♦➨↔♦✱

+❡❣-❡✈❛♠♦ ✵✱✺✵ ❞♠ ✈♦❞❡✳ ❚✐❦ ♣-❡❞❡♥ ✈♦❞❛ ③❛✈-❡✱ ❥❡ ✈ ↔❛❥♥✐❦✉ ♥❛❞

✈♦❞♦ +❛♠♦ ✈♦❞♥❛ ♣❛-❛ ✐♥ ♥✐↔ ③-❛❦❛✳ >-❡❦♦ ✈-❛/✉ ♣♦✈❡③♥❡♠♦ ❦♦✈✐♥+❦✐

♣♦❦-♦✈ ③ ♠❛+♦ ✶✵✵ ❣✱ ❦✐ ③❛-❛❞✐ -❡❧❛/✐✈♥♦ ✈❡❧✐❦❡ ♠❛+❡ ❞♦❜-♦ /❡+♥✐✱ ❛ +❡

♥❡ ❞♦/✐❦❛ ♥❛✈♣✐↔♥✐❤ +/❡♥ ✈-❛/✉✳ ❑♦ ✈♦❞❛ ✈ ↔❛❥♥✐❦✉ ♣-✐ ❈

③❛✈-❡✱ +/❛ /✉❞✐ ♣♦❦-♦✈ ✐♥ ↔❛❥♥✐❦ +❡❣-❡/❛ ♥❛ ✱ /❧❛❦ ③✉♥❛❥ ✐♥ ③♥♦/-❛❥

↔❛❥♥✐❦❛ ❥❡ /❛❦-❛/ ❦>❛✳

❛✮ >-✐✈③❡♠✐✱ ❞❛ +❡ /❡♠♣❡-❛/✉-❛ ✈♦❞♥❡ ♣❛-❡ ♠❡❞ ✈-❡♥❥❡♠ ♥❡ +♣-❡♠✐♥❥❛✱ ♣♦✈❡↔✉❥❡ +❡ ❧❡ /❧❛❦

✈♦❞♥❡ ♣❛-❡✳ ❑♦❧✐❦♦ ✈♦❞❡ ♠♦-❛ ✐③♣❛-❡/✐✱ ❞❛ +❡ ♣♦❦-♦✈ ❞✈✐❣♥❡ ③ ✈-❛/✉❄ ❑✐❧♦♠♦❧+❦❛ ♠❛+❛ ✈♦❞❡

❥❡ ✶✽ ❦❣✴❦♠♦❧✳

❜✮ >-✐ /❡♠♣❡-❛/✉-✐ ❜❧✐③✉ ❥❡ ❝❡❧♦/❡♥ /♦♣❧♦/♥✐ /♦❦✱ ❦✐ ❣❛ ↔❛❥♥✐❦ ♣-❡❥❡♠❛✱ ❦♦ ♦❞➨/❡❥❡♠♦ /♦♣❧♦✲

/♥✐ /♦❦✱ ❦✐ ❣❛ +❡❣-❡/ ↔❛❥♥✐❦ ♦❞❞❛❥❛ ✈ ♦❦♦❧✐❝♦✱ ✷✺ ❲✳ ❙♣❡❝✐✜↔♥❛ ✐③♣❛-✐❧♥❛ /♦♣❧♦/❛ ✈♦❞❡ ❥❡

✷✱✷✻ ▼❏✴❦❣✳ ❑♦❧✐❦♦ ↔❛+❛ /-❛❥❛✱ ❞❛ ✈♦❞❛ ✐③ ✈♣-❛➨❛♥❥❛ ❛✮ ✐③♣❛-✐❄

❝✮ ❱ -❡+♥✐❝✐ ❥❡ /❡♠♣❡-❛/✉-❛ ✈-❡❧✐➨↔❛ ♦❞✈✐+♥❛ ♦❞ /❧❛❦❛ ✐♥ +❡ ✈ ❜❧✐➸✐♥✐ ♣♦✈❡↔❛ ③❛ ✵✱✷✺ ❑ ③❛

✈+❛❦✐❤ ✶✱✵ ❦>❛ ♣♦✈❡↔❛♥❥❛ /❧❛❦❛✳ ❙❦✉♣♥❛ /♦♣❧♦/♥❛ ❦❛♣❛❝✐/❡/❛ ↔❛❥♥✐❦❛ ✐♥ ③❛♠❛➨❦❛ ❥❡ ✸✵✵ ❏✴❑✳

❑♦❧✐❦♦ ↔❛+❛ ♦❞ /❛❦-❛/✱ ❦♦ ✈♦❞❛ ③❛✈-❡✱ ✈ /❡♠ ♣-✐♠❡-✉ /-❛❥❛✱ ❞❛ +❡ ♣♦❦-♦✈ ❞✈✐❣♥❡❄

✭❉♦✈❡❞❡♥❛ /♦♣❧♦/❛✱ ♣♦/-❡❜♥❛ ③❛ +❡❣-❡/❥❡ /❡❧❡+❛ + /♦♣❧♦/♥♦ ❦❛♣❛❝✐/❡/♦ ③❛ /❡♠♣❡-❛/✉-♥♦

-❛③❧✐❦♦ ✱ ❥❡ ✳✮

✹✳ ❑♦♥❞❡♥③❛/♦- ❥❡ +❡+/❛✈❧❥❡♥ ✐③ /-❡❤ ❦♦✈✐♥+❦✐❤ ♣❧♦➨↔ ✈ ♦❜❧✐❦✐ ❦✈❛❞-❛/❛ + +/-❛♥✐❝♦ ✶✵ ❝♠✱ ♣♦+/❛✈❧❥❡♥✐❤

✈ ❡♥❛❦♦♠❡-♥✐❤ -❛③♠✐❦✐❤✱ ❦♦/ ❦❛➸❡ +❧✐❦❛✳ ❘❛③♠✐❦ ♠❡❞ +♦+❡❞♥❥✐♠❛ ♣❧♦➨↔❛♠❛ ❥❡ ✵✱✶ ♠♠✳

❛✮ ◆❛ ♣❧♦➨↔❡ ♥❛♥❡+❡♠♦ ♥❛❜♦❥ ✶✵ ♥❆+ ✭ ♥❆+ ♥❛ ③✉♥❛♥❥✐ ❞✈❡ ✐♥ ♥❆+ ♥❛ ♥♦/-❛♥❥♦✮✳

❑♦❧✐❦➨♥❛ ❥❡ ❥❛❦♦+/ ❡❧❡❦/-✐↔♥❡❣❛ ♣♦❧❥❛ ♠❡❞ ♣❧♦➨↔❛♠✐❄

◆❛♠✐❣ ✿ >♦③♥❛➨ ❡♥❛↔❜♦ ③❛ ❡❧❡❦/-✐↔♥♦ ♣♦❧❥❡ ❡♥❡ ♣❧♦➨↔❡✳ ❯♣♦➨/❡✈❛❥✱ ❞❛ ❦ ❡❧❡❦/-✐↔♥❡♠ ♣♦❧❥✉ ✈

♣-♦+/♦-✉ ♠❡❞ ♣♦❧❥✉❜♥✐♠❛ ♣❧♦➨↔❛♠❛ ♣-✐+♣❡✈❛❥♦ ✈ ❡♥❛❦✐ ♠❡-✐ ✈+❡ ♣❧♦➨↔❡✳

❜✮ ❑♦❧✐❦➨♥❛ ❥❡ ♥❛♣❡/♦+/ ♠❡❞ ♥♦/-❛♥❥♦ ✐♥ ③✉♥❛♥❥✐♠❛ ♣❧♦➨↔❛♠❛❄ ❑♦❧✐❦➨♥❛ ❥❡ ❦❛♣❛❝✐/❡/❛ /❛❦➨♥❡❣❛

❦♦♥❞❡♥③❛/♦-❥❛❄ >❧♦➨↔❡ +❡ ♠❛❦+✐♠❛❧♥♦ ♣-❡❦-✐✈❛❥♦✱ ❛ /❛❦♦✱ ❞❛ ♥❡ ♣-✐❞❡ ❞♦ +/✐❦❛✳

❝✮ ❑♦♥❞❡♥③❛/♦- ♣-✐❦❧❥✉↔✐♠♦ ♥❛ ♥❛♣❡/♦+/ ✶✷ ❱ ✐♥ ♣♦↔❛❦❛♠♦✱ ❞❛ +❡ ♥❛♣❡/♦+/ ♥❛ ❦♦♥❞❡♥③❛/♦-❥✉

✉+/❛❧✐✳ ◆❡❣❛/✐✈♥♦ ♣❧♦➨↔♦ ♣-✐↔♥❡♠♦ + ❦♦♥+/❛♥/♥♦ ❤✐/-♦+/❥♦ ✺✵ ❝♠✴+ ✈❧❡↔✐ ✐③ ❦♦♥❞❡♥③❛/♦-❥❛✱

/❛❦♦ ❞❛ +❡ -❛③♠✐❦ ♠❡❞ ♣❧♦➨↔❛♠✐ ♦❤-❛♥❥❛✳ ❑♦❧✐❦➨❡♥ /♦❦ /❡↔❡ ✈ ✈❡③❥✉❄ ❚❡↔❡ /♦❦ ♦❞ ♣♦③✐/✐✈♥❡

♣❧♦➨↔❡ ♣-♦/✐ ♥❡❣❛/✐✈♥✐ ❛❧✐ ♦❜-❛/♥♦❄

❝

✷✵✶✼ ❉▼❋❆ ❙❧♦✈❡♥✐❥❡✱ ❑♦♠✐4✐❥❛ ③❛ ♣♦♣✉❧❛9✐③❛❝✐❥♦ ✜③✐❦❡ ✈ 49❡❞♥❥✐ ➨♦❧✐

✸✳ ❱❡❧✐❦ ↔❛❥♥✐❦ + ♣-♦+/♦-♥✐♥♦ ✹✱✵ ❞♠ ✐♠❛ ♥❛ ✈-❤✉ ❞♦❧❣ ♥❛✈♣✐↔❡♥ ✈-❛/ +

♣♦❧♠❡-♦♠ ❝♠✳ ❱ ↔❛❥♥✐❦✉✱ ❦✐ ❣❛ ♣♦+/❛✈✐♠♦ ♥❛ ❣-❡❧♥♦ ♣❧♦➨↔♦✱

+❡❣-❡✈❛♠♦ ✵✱✺✵ ❞♠ ✈♦❞❡✳ ❚✐❦ ♣-❡❞❡♥ ✈♦❞❛ ③❛✈-❡✱ ❥❡ ✈ ↔❛❥♥✐❦✉ ♥❛❞

✈♦❞♦ +❛♠♦ ✈♦❞♥❛ ♣❛-❛ ✐♥ ♥✐↔ ③-❛❦❛✳ >-❡❦♦ ✈-❛/✉ ♣♦✈❡③♥❡♠♦ ❦♦✈✐♥+❦✐

♣♦❦-♦✈ ③ ♠❛+♦ ✶✵✵ ❣✱ ❦✐ ③❛-❛❞✐ -❡❧❛/✐✈♥♦ ✈❡❧✐❦❡ ♠❛+❡ ❞♦❜-♦ /❡+♥✐✱ ❛ +❡

♥❡ ❞♦/✐❦❛ ♥❛✈♣✐↔♥✐❤ +/❡♥ ✈-❛/✉✳ ❑♦ ✈♦❞❛ ✈ ↔❛❥♥✐❦✉ ♣-✐ ❈

③❛✈-❡✱ +/❛ /✉❞✐ ♣♦❦-♦✈ ✐♥ ↔❛❥♥✐❦ +❡❣-❡/❛ ♥❛ ✱ /❧❛❦ ③✉♥❛❥ ✐♥ ③♥♦/-❛❥

↔❛❥♥✐❦❛ ❥❡ /❛❦-❛/ ❦>❛✳

❛✮ >-✐✈③❡♠✐✱ ❞❛ +❡ /❡♠♣❡-❛/✉-❛ ✈♦❞♥❡ ♣❛-❡ ♠❡❞ ✈-❡♥❥❡♠ ♥❡ +♣-❡♠✐♥❥❛✱ ♣♦✈❡↔✉❥❡ +❡ ❧❡ /❧❛❦

✈♦❞♥❡ ♣❛-❡✳ ❑♦❧✐❦♦ ✈♦❞❡ ♠♦-❛ ✐③♣❛-❡/✐✱ ❞❛ +❡ ♣♦❦-♦✈ ❞✈✐❣♥❡ ③ ✈-❛/✉❄ ❑✐❧♦♠♦❧+❦❛ ♠❛+❛ ✈♦❞❡

❥❡ ✶✽ ❦❣✴❦♠♦❧✳

❜✮ >-✐ /❡♠♣❡-❛/✉-✐ ❜❧✐③✉ ❥❡ ❝❡❧♦/❡♥ /♦♣❧♦/♥✐ /♦❦✱ ❦✐ ❣❛ ↔❛❥♥✐❦ ♣-❡❥❡♠❛✱ ❦♦ ♦❞➨/❡❥❡♠♦ /♦♣❧♦✲

/♥✐ /♦❦✱ ❦✐ ❣❛ +❡❣-❡/ ↔❛❥♥✐❦ ♦❞❞❛❥❛ ✈ ♦❦♦❧✐❝♦✱ ✷✺ ❲✳ ❙♣❡❝✐✜↔♥❛ ✐③♣❛-✐❧♥❛ /♦♣❧♦/❛ ✈♦❞❡ ❥❡

✷✱✷✻ ▼❏✴❦❣✳ ❑♦❧✐❦♦ ↔❛+❛ /-❛❥❛✱ ❞❛ ✈♦❞❛ ✐③ ✈♣-❛➨❛♥❥❛ ❛✮ ✐③♣❛-✐❄

❝✮ ❱ -❡+♥✐❝✐ ❥❡ /❡♠♣❡-❛/✉-❛ ✈-❡❧✐➨↔❛ ♦❞✈✐+♥❛ ♦❞ /❧❛❦❛ ✐♥ +❡ ✈ ❜❧✐➸✐♥✐ ♣♦✈❡↔❛ ③❛ ✵✱✷✺ ❑ ③❛

✈+❛❦✐❤ ✶✱✵ ❦>❛ ♣♦✈❡↔❛♥❥❛ /❧❛❦❛✳ ❙❦✉♣♥❛ /♦♣❧♦/♥❛ ❦❛♣❛❝✐/❡/❛ ↔❛❥♥✐❦❛ ✐♥ ③❛♠❛➨❦❛ ❥❡ ✸✵✵ ❏✴❑✳

❑♦❧✐❦♦ ↔❛+❛ ♦❞ /❛❦-❛/✱ ❦♦ ✈♦❞❛ ③❛✈-❡✱ ✈ /❡♠ ♣-✐♠❡-✉ /-❛❥❛✱ ❞❛ +❡ ♣♦❦-♦✈ ❞✈✐❣♥❡❄

✭❉♦✈❡❞❡♥❛ /♦♣❧♦/❛✱ ♣♦/-❡❜♥❛ ③❛ +❡❣-❡/❥❡ /❡❧❡+❛ + /♦♣❧♦/♥♦ ❦❛♣❛❝✐/❡/♦ ③❛ /❡♠♣❡-❛/✉-♥♦

-❛③❧✐❦♦ ✱ ❥❡ ✳✮

✹✳ ❑♦♥❞❡♥③❛/♦- ❥❡ +❡+/❛✈❧❥❡♥ ✐③ /-❡❤ ❦♦✈✐♥+❦✐❤ ♣❧♦➨↔ ✈ ♦❜❧✐❦✐ ❦✈❛❞-❛/❛ + +/-❛♥✐❝♦ ✶✵ ❝♠✱ ♣♦+/❛✈❧❥❡♥✐❤

✈ ❡♥❛❦♦♠❡-♥✐❤ -❛③♠✐❦✐❤✱ ❦♦/ ❦❛➸❡ +❧✐❦❛✳ ❘❛③♠✐❦ ♠❡❞ +♦+❡❞♥❥✐♠❛ ♣❧♦➨↔❛♠❛ ❥❡ ✵✱✶ ♠♠✳

−e+e

❛✮ ◆❛ ♣❧♦➨↔❡ ♥❛♥❡+❡♠♦ ♥❛❜♦❥ ✶✵ ♥❆+ ✭ ♥❆+ ♥❛ ③✉♥❛♥❥✐ ❞✈❡ ✐♥ ♥❆+ ♥❛ ♥♦/-❛♥❥♦✮✳

❑♦❧✐❦➨♥❛ ❥❡ ❥❛❦♦+/ ❡❧❡❦/-✐↔♥❡❣❛ ♣♦❧❥❛ ♠❡❞ ♣❧♦➨↔❛♠✐❄

◆❛♠✐❣ ✿ >♦③♥❛➨ ❡♥❛↔❜♦ ③❛ ❡❧❡❦/-✐↔♥♦ ♣♦❧❥❡ ❡♥❡ ♣❧♦➨↔❡✳ ❯♣♦➨/❡✈❛❥✱ ❞❛ ❦ ❡❧❡❦/-✐↔♥❡♠ ♣♦❧❥✉ ✈

♣-♦+/♦-✉ ♠❡❞ ♣♦❧❥✉❜♥✐♠❛ ♣❧♦➨↔❛♠❛ ♣-✐+♣❡✈❛❥♦ ✈ ❡♥❛❦✐ ♠❡-✐ ✈+❡ ♣❧♦➨↔❡✳

❜✮ ❑♦❧✐❦➨♥❛ ❥❡ ♥❛♣❡/♦+/ ♠❡❞ ♥♦/-❛♥❥♦ ✐♥ ③✉♥❛♥❥✐♠❛ ♣❧♦➨↔❛♠❛❄ ❑♦❧✐❦➨♥❛ ❥❡ ❦❛♣❛❝✐/❡/❛ /❛❦➨♥❡❣❛

❦♦♥❞❡♥③❛/♦-❥❛❄ >❧♦➨↔❡ +❡ ♠❛❦+✐♠❛❧♥♦ ♣-❡❦-✐✈❛❥♦✱ ❛ /❛❦♦✱ ❞❛ ♥❡ ♣-✐❞❡ ❞♦ +/✐❦❛✳

❝✮ ❑♦♥❞❡♥③❛/♦- ♣-✐❦❧❥✉↔✐♠♦ ♥❛ ♥❛♣❡/♦+/ ✶✷ ❱ ✐♥ ♣♦↔❛❦❛♠♦✱ ❞❛ +❡ ♥❛♣❡/♦+/ ♥❛ ❦♦♥❞❡♥③❛/♦-❥✉

✉+/❛❧✐✳ ◆❡❣❛/✐✈♥♦ ♣❧♦➨↔♦ ♣-✐↔♥❡♠♦ + ❦♦♥+/❛♥/♥♦ ❤✐/-♦+/❥♦ ✺✵ ❝♠✴+ ✈❧❡↔✐ ✐③ ❦♦♥❞❡♥③❛/♦-❥❛✱

/❛❦♦ ❞❛ +❡ -❛③♠✐❦ ♠❡❞ ♣❧♦➨↔❛♠✐ ♦❤-❛♥❥❛✳ ❑♦❧✐❦➨❡♥ /♦❦ /❡↔❡ ✈ ✈❡③❥✉❄ ❚❡↔❡ /♦❦ ♦❞ ♣♦③✐/✐✈♥❡

♣❧♦➨↔❡ ♣-♦/✐ ♥❡❣❛/✐✈♥✐ ❛❧✐ ♦❜-❛/♥♦❄

❝

✷✵✶✼ ❉▼❋❆ ❙❧♦✈❡♥✐❥❡✱ ❑♦♠✐4✐❥❛ ③❛ ♣♦♣✉❧❛9✐③❛❝✐❥♦ ✜③✐❦❡ ✈ 49❡❞♥❥✐ ➨♦❧✐

✸✳ ❱❡❧✐❦ ↔❛❥♥✐❦ + ♣-♦+/♦-♥✐♥♦ ✹✱✵ ❞♠ ✐♠❛ ♥❛ ✈-❤✉ ❞♦❧❣ ♥❛✈♣✐↔❡♥ ✈-❛/ +

♣♦❧♠❡-♦♠ ❝♠✳ ❱ ↔❛❥♥✐❦✉✱ ❦✐ ❣❛ ♣♦+/❛✈✐♠♦ ♥❛ ❣-❡❧♥♦ ♣❧♦➨↔♦✱

+❡❣-❡✈❛♠♦ ✵✱✺✵ ❞♠ ✈♦❞❡✳ ❚✐❦ ♣-❡❞❡♥ ✈♦❞❛ ③❛✈-❡✱ ❥❡ ✈ ↔❛❥♥✐❦✉ ♥❛❞

✈♦❞♦ +❛♠♦ ✈♦❞♥❛ ♣❛-❛ ✐♥ ♥✐↔ ③-❛❦❛✳ >-❡❦♦ ✈-❛/✉ ♣♦✈❡③♥❡♠♦ ❦♦✈✐♥+❦✐

♣♦❦-♦✈ ③ ♠❛+♦ ✶✵✵ ❣✱ ❦✐ ③❛-❛❞✐ -❡❧❛/✐✈♥♦ ✈❡❧✐❦❡ ♠❛+❡ ❞♦❜-♦ /❡+♥✐✱ ❛ +❡

♥❡ ❞♦/✐❦❛ ♥❛✈♣✐↔♥✐❤ +/❡♥ ✈-❛/✉✳ ❑♦ ✈♦❞❛ ✈ ↔❛❥♥✐❦✉ ♣-✐ ❈

③❛✈-❡✱ +/❛ /✉❞✐ ♣♦❦-♦✈ ✐♥ ↔❛❥♥✐❦ +❡❣-❡/❛ ♥❛ ✱ /❧❛❦ ③✉♥❛❥ ✐♥ ③♥♦/-❛❥

↔❛❥♥✐❦❛ ❥❡ /❛❦-❛/ ❦>❛✳

❛✮ >-✐✈③❡♠✐✱ ❞❛ +❡ /❡♠♣❡-❛/✉-❛ ✈♦❞♥❡ ♣❛-❡ ♠❡❞ ✈-❡♥❥❡♠ ♥❡ +♣-❡♠✐♥❥❛✱ ♣♦✈❡↔✉❥❡ +❡ ❧❡ /❧❛❦

✈♦❞♥❡ ♣❛-❡✳ ❑♦❧✐❦♦ ✈♦❞❡ ♠♦-❛ ✐③♣❛-❡/✐✱ ❞❛ +❡ ♣♦❦-♦✈ ❞✈✐❣♥❡ ③ ✈-❛/✉❄ ❑✐❧♦♠♦❧+❦❛ ♠❛+❛ ✈♦❞❡

❥❡ ✶✽ ❦❣✴❦♠♦❧✳

❜✮ >-✐ /❡♠♣❡-❛/✉-✐ ❜❧✐③✉ ❥❡ ❝❡❧♦/❡♥ /♦♣❧♦/♥✐ /♦❦✱ ❦✐ ❣❛ ↔❛❥♥✐❦ ♣-❡❥❡♠❛✱ ❦♦ ♦❞➨/❡❥❡♠♦ /♦♣❧♦✲

/♥✐ /♦❦✱ ❦✐ ❣❛ +❡❣-❡/ ↔❛❥♥✐❦ ♦❞❞❛❥❛ ✈ ♦❦♦❧✐❝♦✱ ✷✺ ❲✳ ❙♣❡❝✐✜↔♥❛ ✐③♣❛-✐❧♥❛ /♦♣❧♦/❛ ✈♦❞❡ ❥❡

✷✱✷✻ ▼❏✴❦❣✳ ❑♦❧✐❦♦ ↔❛+❛ /-❛❥❛✱ ❞❛ ✈♦❞❛ ✐③ ✈♣-❛➨❛♥❥❛ ❛✮ ✐③♣❛-✐❄

❝✮ ❱ -❡+♥✐❝✐ ❥❡ /❡♠♣❡-❛/✉-❛ ✈-❡❧✐➨↔❛ ♦❞✈✐+♥❛ ♦❞ /❧❛❦❛ ✐♥ +❡ ✈ ❜❧✐➸✐♥✐ ♣♦✈❡↔❛ ③❛ ✵✱✷✺ ❑ ③❛

✈+❛❦✐❤ ✶✱✵ ❦>❛ ♣♦✈❡↔❛♥❥❛ /❧❛❦❛✳ ❙❦✉♣♥❛ /♦♣❧♦/♥❛ ❦❛♣❛❝✐/❡/❛ ↔❛❥♥✐❦❛ ✐♥ ③❛♠❛➨❦❛ ❥❡ ✸✵✵ ❏✴❑✳

❑♦❧✐❦♦ ↔❛+❛ ♦❞ /❛❦-❛/✱ ❦♦ ✈♦❞❛ ③❛✈-❡✱ ✈ /❡♠ ♣-✐♠❡-✉ /-❛❥❛✱ ❞❛ +❡ ♣♦❦-♦✈ ❞✈✐❣♥❡❄

✭❉♦✈❡❞❡♥❛ /♦♣❧♦/❛✱ ♣♦/-❡❜♥❛ ③❛ +❡❣-❡/❥❡ /❡❧❡+❛ + /♦♣❧♦/♥♦ ❦❛♣❛❝✐/❡/♦ ③❛ /❡♠♣❡-❛/✉-♥♦

-❛③❧✐❦♦ ✱ ❥❡ ✳✮

✹✳ ❑♦♥❞❡♥③❛/♦- ❥❡ +❡+/❛✈❧❥❡♥ ✐③ /-❡❤ ❦♦✈✐♥+❦✐❤ ♣❧♦➨↔ ✈ ♦❜❧✐❦✐ ❦✈❛❞-❛/❛ + +/-❛♥✐❝♦ ✶✵ ❝♠✱ ♣♦+/❛✈❧❥❡♥✐❤

✈ ❡♥❛❦♦♠❡-♥✐❤ -❛③♠✐❦✐❤✱ ❦♦/ ❦❛➸❡ +❧✐❦❛✳ ❘❛③♠✐❦ ♠❡❞ +♦+❡❞♥❥✐♠❛ ♣❧♦➨↔❛♠❛ ❥❡ ✵✱✶ ♠♠✳

❛✮ ◆❛ ♣❧♦➨↔❡ ♥❛♥❡+❡♠♦ ♥❛❜♦❥ ✶✵ ♥❆+ ✭+10 ♥❆+ ♥❛ ③✉♥❛♥❥✐ ❞✈❡ ✐♥ −10 ♥❆+ ♥❛ ♥♦/-❛♥❥♦✮✳

❑♦❧✐❦➨♥❛ ❥❡ ❥❛❦♦+/ ❡❧❡❦/-✐↔♥❡❣❛ ♣♦❧❥❛ ♠❡❞ ♣❧♦➨↔❛♠✐❄

◆❛♠✐❣ ✿ >♦③♥❛➨ ❡♥❛↔❜♦ ③❛ ❡❧❡❦/-✐↔♥♦ ♣♦❧❥❡ ❡♥❡ ♣❧♦➨↔❡✳ ❯♣♦➨/❡✈❛❥✱ ❞❛ ❦ ❡❧❡❦/-✐↔♥❡♠ ♣♦❧❥✉ ✈

♣-♦+/♦-✉ ♠❡❞ ♣♦❧❥✉❜♥✐♠❛ ♣❧♦➨↔❛♠❛ ♣-✐+♣❡✈❛❥♦ ✈ ❡♥❛❦✐ ♠❡-✐ ✈+❡ ♣❧♦➨↔❡✳

❜✮ ❑♦❧✐❦➨♥❛ ❥❡ ♥❛♣❡/♦+/ ♠❡❞ ♥♦/-❛♥❥♦ ✐♥ ③✉♥❛♥❥✐♠❛ ♣❧♦➨↔❛♠❛❄ ❑♦❧✐❦➨♥❛ ❥❡ ❦❛♣❛❝✐/❡/❛ /❛❦➨♥❡❣❛

❦♦♥❞❡♥③❛/♦-❥❛❄ >❧♦➨↔❡ +❡ ♠❛❦+✐♠❛❧♥♦ ♣-❡❦-✐✈❛❥♦✱ ❛ /❛❦♦✱ ❞❛ ♥❡ ♣-✐❞❡ ❞♦ +/✐❦❛✳

❝✮ ❑♦♥❞❡♥③❛/♦- ♣-✐❦❧❥✉↔✐♠♦ ♥❛ ♥❛♣❡/♦+/ ✶✷ ❱ ✐♥ ♣♦↔❛❦❛♠♦✱ ❞❛ +❡ ♥❛♣❡/♦+/ ♥❛ ❦♦♥❞❡♥③❛/♦-❥✉

✉+/❛❧✐✳ ◆❡❣❛/✐✈♥♦ ♣❧♦➨↔♦ ♣-✐↔♥❡♠♦ + ❦♦♥+/❛♥/♥♦ ❤✐/-♦+/❥♦ ✺✵ ❝♠✴+ ✈❧❡↔✐ ✐③ ❦♦♥❞❡♥③❛/♦-❥❛✱

/❛❦♦ ❞❛ +❡ -❛③♠✐❦ ♠❡❞ ♣❧♦➨↔❛♠✐ ♦❤-❛♥❥❛✳ ❑♦❧✐❦➨❡♥ /♦❦ /❡↔❡ ✈ ✈❡③❥✉❄ ❚❡↔❡ /♦❦ ♦❞ ♣♦③✐/✐✈♥❡

♣❧♦➨↔❡ ♣-♦/✐ ♥❡❣❛/✐✈♥✐ ❛❧✐ ♦❜-❛/♥♦❄

❝

✷✵✶✼ ❉▼❋❆ ❙❧♦✈❡♥✐❥❡✱ ❑♦♠✐4✐❥❛ ③❛ ♣♦♣✉❧❛9✐③❛❝✐❥♦ ✜③✐❦❡ ✈ 49❡❞♥❥✐ ➨♦❧✐

✸✳ ❱❡❧✐❦ ↔❛❥♥✐❦ + ♣-♦+/♦-♥✐♥♦ ✹✱✵ ❞♠ ✐♠❛ ♥❛ ✈-❤✉ ❞♦❧❣ ♥❛✈♣✐↔❡♥ ✈-❛/ +

♣♦❧♠❡-♦♠ ❝♠✳ ❱ ↔❛❥♥✐❦✉✱ ❦✐ ❣❛ ♣♦+/❛✈✐♠♦ ♥❛ ❣-❡❧♥♦ ♣❧♦➨↔♦✱

+❡❣-❡✈❛♠♦ ✵✱✺✵ ❞♠ ✈♦❞❡✳ ❚✐❦ ♣-❡❞❡♥ ✈♦❞❛ ③❛✈-❡✱ ❥❡ ✈ ↔❛❥♥✐❦✉ ♥❛❞

✈♦❞♦ +❛♠♦ ✈♦❞♥❛ ♣❛-❛ ✐♥ ♥✐↔ ③-❛❦❛✳ >-❡❦♦ ✈-❛/✉ ♣♦✈❡③♥❡♠♦ ❦♦✈✐♥+❦✐

♣♦❦-♦✈ ③ ♠❛+♦ ✶✵✵ ❣✱ ❦✐ ③❛-❛❞✐ -❡❧❛/✐✈♥♦ ✈❡❧✐❦❡ ♠❛+❡ ❞♦❜-♦ /❡+♥✐✱ ❛ +❡

♥❡ ❞♦/✐❦❛ ♥❛✈♣✐↔♥✐❤ +/❡♥ ✈-❛/✉✳ ❑♦ ✈♦❞❛ ✈ ↔❛❥♥✐❦✉ ♣-✐ ❈

③❛✈-❡✱ +/❛ /✉❞✐ ♣♦❦-♦✈ ✐♥ ↔❛❥♥✐❦ +❡❣-❡/❛ ♥❛ ✱ /❧❛❦ ③✉♥❛❥ ✐♥ ③♥♦/-❛❥

↔❛❥♥✐❦❛ ❥❡ /❛❦-❛/ ❦>❛✳

❛✮ >-✐✈③❡♠✐✱ ❞❛ +❡ /❡♠♣❡-❛/✉-❛ ✈♦❞♥❡ ♣❛-❡ ♠❡❞ ✈-❡♥❥❡♠ ♥❡ +♣-❡♠✐♥❥❛✱ ♣♦✈❡↔✉❥❡ +❡ ❧❡ /❧❛❦

✈♦❞♥❡ ♣❛-❡✳ ❑♦❧✐❦♦ ✈♦❞❡ ♠♦-❛ ✐③♣❛-❡/✐✱ ❞❛ +❡ ♣♦❦-♦✈ ❞✈✐❣♥❡ ③ ✈-❛/✉❄ ❑✐❧♦♠♦❧+❦❛ ♠❛+❛ ✈♦❞❡

❥❡ ✶✽ ❦❣✴❦♠♦❧✳

❜✮ >-✐ /❡♠♣❡-❛/✉-✐ ❜❧✐③✉ ❥❡ ❝❡❧♦/❡♥ /♦♣❧♦/♥✐ /♦❦✱ ❦✐ ❣❛ ↔❛❥♥✐❦ ♣-❡❥❡♠❛✱ ❦♦ ♦❞➨/❡❥❡♠♦ /♦♣❧♦✲

/♥✐ /♦❦✱ ❦✐ ❣❛ +❡❣-❡/ ↔❛❥♥✐❦ ♦❞❞❛❥❛ ✈ ♦❦♦❧✐❝♦✱ ✷✺ ❲✳ ❙♣❡❝✐✜↔♥❛ ✐③♣❛-✐❧♥❛ /♦♣❧♦/❛ ✈♦❞❡ ❥❡

✷✱✷✻ ▼❏✴❦❣✳ ❑♦❧✐❦♦ ↔❛+❛ /-❛❥❛✱ ❞❛ ✈♦❞❛ ✐③ ✈♣-❛➨❛♥❥❛ ❛✮ ✐③♣❛-✐❄

❝✮ ❱ -❡+♥✐❝✐ ❥❡ /❡♠♣❡-❛/✉-❛ ✈-❡❧✐➨↔❛ ♦❞✈✐+♥❛ ♦❞ /❧❛❦❛ ✐♥ +❡ ✈ ❜❧✐➸✐♥✐ ♣♦✈❡↔❛ ③❛ ✵✱✷✺ ❑ ③❛

✈+❛❦✐❤ ✶✱✵ ❦>❛ ♣♦✈❡↔❛♥❥❛ /❧❛❦❛✳ ❙❦✉♣♥❛ /♦♣❧♦/♥❛ ❦❛♣❛❝✐/❡/❛ ↔❛❥♥✐❦❛ ✐♥ ③❛♠❛➨❦❛ ❥❡ ✸✵✵ ❏✴❑✳

❑♦❧✐❦♦ ↔❛+❛ ♦❞ /❛❦-❛/✱ ❦♦ ✈♦❞❛ ③❛✈-❡✱ ✈ /❡♠ ♣-✐♠❡-✉ /-❛❥❛✱ ❞❛ +❡ ♣♦❦-♦✈ ❞✈✐❣♥❡❄

✭❉♦✈❡❞❡♥❛ /♦♣❧♦/❛✱ ♣♦/-❡❜♥❛ ③❛ +❡❣-❡/❥❡ /❡❧❡+❛ + /♦♣❧♦/♥♦ ❦❛♣❛❝✐/❡/♦ ③❛ /❡♠♣❡-❛/✉-♥♦

-❛③❧✐❦♦ ✱ ❥❡ ✳✮

✹✳ ❑♦♥❞❡♥③❛/♦- ❥❡ +❡+/❛✈❧❥❡♥ ✐③ /-❡❤ ❦♦✈✐♥+❦✐❤ ♣❧♦➨↔ ✈ ♦❜❧✐❦✐ ❦✈❛❞-❛/❛ + +/-❛♥✐❝♦ ✶✵ ❝♠✱ ♣♦+/❛✈❧❥❡♥✐❤

✈ ❡♥❛❦♦♠❡-♥✐❤ -❛③♠✐❦✐❤✱ ❦♦/ ❦❛➸❡ +❧✐❦❛✳ ❘❛③♠✐❦ ♠❡❞ +♦+❡❞♥❥✐♠❛ ♣❧♦➨↔❛♠❛ ❥❡ ✵✱✶ ♠♠✳

❛✮ ◆❛ ♣❧♦➨↔❡ ♥❛♥❡+❡♠♦ ♥❛❜♦❥ ✶✵ ♥❆+ ✭ ♥❆+ ♥❛ ③✉♥❛♥❥✐ ❞✈❡ ✐♥ ♥❆+ ♥❛ ♥♦/-❛♥❥♦✮✳

❑♦❧✐❦➨♥❛ ❥❡ ❥❛❦♦+/ ❡❧❡❦/-✐↔♥❡❣❛ ♣♦❧❥❛ ♠❡❞ ♣❧♦➨↔❛♠✐❄

◆❛♠✐❣ ✿ >♦③♥❛➨ ❡♥❛↔❜♦ ③❛ ❡❧❡❦/-✐↔♥♦ ♣♦❧❥❡ ❡♥❡ ♣❧♦➨↔❡✳ ❯♣♦➨/❡✈❛❥✱ ❞❛ ❦ ❡❧❡❦/-✐↔♥❡♠ ♣♦❧❥✉ ✈

♣-♦+/♦-✉ ♠❡❞ ♣♦❧❥✉❜♥✐♠❛ ♣❧♦➨↔❛♠❛ ♣-✐+♣❡✈❛❥♦ ✈ ❡♥❛❦✐ ♠❡-✐ ✈+❡ ♣❧♦➨↔❡✳

❜✮ ❑♦❧✐❦➨♥❛ ❥❡ ♥❛♣❡/♦+/ ♠❡❞ ♥♦/-❛♥❥♦ ✐♥ ③✉♥❛♥❥✐♠❛ ♣❧♦➨↔❛♠❛❄ ❑♦❧✐❦➨♥❛ ❥❡ ❦❛♣❛❝✐/❡/❛ /❛❦➨♥❡❣❛

❦♦♥❞❡♥③❛/♦-❥❛❄ >❧♦➨↔❡ +❡ ♠❛❦+✐♠❛❧♥♦ ♣-❡❦-✐✈❛❥♦✱ ❛ /❛❦♦✱ ❞❛ ♥❡ ♣-✐❞❡ ❞♦ +/✐❦❛✳

+ −

~v

❝✮ ❑♦♥❞❡♥③❛/♦- ♣-✐❦❧❥✉↔✐♠♦ ♥❛ ♥❛♣❡/♦+/ ✶✷ ❱ ✐♥ ♣♦↔❛❦❛♠♦✱ ❞❛ +❡ ♥❛♣❡/♦+/ ♥❛ ❦♦♥❞❡♥③❛/♦-❥✉

✉+/❛❧✐✳ ◆❡❣❛/✐✈♥♦ ♣❧♦➨↔♦ ♣-✐↔♥❡♠♦ + ❦♦♥+/❛♥/♥♦ ❤✐/-♦+/❥♦ ✺✵ ❝♠✴+ ✈❧❡↔✐ ✐③ ❦♦♥❞❡♥③❛/♦-❥❛✱

/❛❦♦ ❞❛ +❡ -❛③♠✐❦ ♠❡❞ ♣❧♦➨↔❛♠✐ ♦❤-❛♥❥❛✳ ❑♦❧✐❦➨❡♥ /♦❦ /❡↔❡ ✈ ✈❡③❥✉❄ ❚❡↔❡ /♦❦ ♦❞ ♣♦③✐/✐✈♥❡

♣❧♦➨↔❡ ♣-♦/✐ ♥❡❣❛/✐✈♥✐ ❛❧✐ ♦❜-❛/♥♦❄

❝

✷✵✶✼ ❉▼❋❆ ❙❧♦✈❡♥✐❥❡✱ ❑♦♠✐4✐❥❛ ③❛ ♣♦♣✉❧❛9✐③❛❝✐❥♦ ✜③✐❦❡ ✈ 49❡❞♥❥✐ ➨♦❧✐

✸✳ ❱❡❧✐❦ ↔❛❥♥✐❦ + ♣-♦+/♦-♥✐♥♦ ✹✱✵ ❞♠ ✐♠❛ ♥❛ ✈-❤✉ ❞♦❧❣ ♥❛✈♣✐↔❡♥ ✈-❛/ +

♣♦❧♠❡-♦♠ ❝♠✳ ❱ ↔❛❥♥✐❦✉✱ ❦✐ ❣❛ ♣♦+/❛✈✐♠♦ ♥❛ ❣-❡❧♥♦ ♣❧♦➨↔♦✱

+❡❣-❡✈❛♠♦ ✵✱✺✵ ❞♠ ✈♦❞❡✳ ❚✐❦ ♣-❡❞❡♥ ✈♦❞❛ ③❛✈-❡✱ ❥❡ ✈ ↔❛❥♥✐❦✉ ♥❛❞

✈♦❞♦ +❛♠♦ ✈♦❞♥❛ ♣❛-❛ ✐♥ ♥✐↔ ③-❛❦❛✳ >-❡❦♦ ✈-❛/✉ ♣♦✈❡③♥❡♠♦ ❦♦✈✐♥+❦✐

♣♦❦-♦✈ ③ ♠❛+♦ ✶✵✵ ❣✱ ❦✐ ③❛-❛❞✐ -❡❧❛/✐✈♥♦ ✈❡❧✐❦❡ ♠❛+❡ ❞♦❜-♦ /❡+♥✐✱ ❛ +❡

♥❡ ❞♦/✐❦❛ ♥❛✈♣✐↔♥✐❤ +/❡♥ ✈-❛/✉✳ ❑♦ ✈♦❞❛ ✈ ↔❛❥♥✐❦✉ ♣-✐ ❈

③❛✈-❡✱ +/❛ /✉❞✐ ♣♦❦-♦✈ ✐♥ ↔❛❥♥✐❦ +❡❣-❡/❛ ♥❛ ✱ /❧❛❦ ③✉♥❛❥ ✐♥ ③♥♦/-❛❥

↔❛❥♥✐❦❛ ❥❡ /❛❦-❛/ ❦>❛✳

❛✮ >-✐✈③❡♠✐✱ ❞❛ +❡ /❡♠♣❡-❛/✉-❛ ✈♦❞♥❡ ♣❛-❡ ♠❡❞ ✈-❡♥❥❡♠ ♥❡ +♣-❡♠✐♥❥❛✱ ♣♦✈❡↔✉❥❡ +❡ ❧❡ /❧❛❦

✈♦❞♥❡ ♣❛-❡✳ ❑♦❧✐❦♦ ✈♦❞❡ ♠♦-❛ ✐③♣❛-❡/✐✱ ❞❛ +❡ ♣♦❦-♦✈ ❞✈✐❣♥❡ ③ ✈-❛/✉❄ ❑✐❧♦♠♦❧+❦❛ ♠❛+❛ ✈♦❞❡

❥❡ ✶✽ ❦❣✴❦♠♦❧✳

❜✮ >-✐ /❡♠♣❡-❛/✉-✐ ❜❧✐③✉ ❥❡ ❝❡❧♦/❡♥ /♦♣❧♦/♥✐ /♦❦✱ ❦✐ ❣❛ ↔❛❥♥✐❦ ♣-❡❥❡♠❛✱ ❦♦ ♦❞➨/❡❥❡♠♦ /♦♣❧♦✲

/♥✐ /♦❦✱ ❦✐ ❣❛ +❡❣-❡/ ↔❛❥♥✐❦ ♦❞❞❛❥❛ ✈ ♦❦♦❧✐❝♦✱ ✷✺ ❲✳ ❙♣❡❝✐✜↔♥❛ ✐③♣❛-✐❧♥❛ /♦♣❧♦/❛ ✈♦❞❡ ❥❡

✷✱✷✻ ▼❏✴❦❣✳ ❑♦❧✐❦♦ ↔❛+❛ /-❛❥❛✱ ❞❛ ✈♦❞❛ ✐③ ✈♣-❛➨❛♥❥❛ ❛✮ ✐③♣❛-✐❄

❝✮ ❱ -❡+♥✐❝✐ ❥❡ /❡♠♣❡-❛/✉-❛ ✈-❡❧✐➨↔❛ ♦❞✈✐+♥❛ ♦❞ /❧❛❦❛ ✐♥ +❡ ✈ ❜❧✐➸✐♥✐ ♣♦✈❡↔❛ ③❛ ✵✱✷✺ ❑ ③❛

✈+❛❦✐❤ ✶✱✵ ❦>❛ ♣♦✈❡↔❛♥❥❛ /❧❛❦❛✳ ❙❦✉♣♥❛ /♦♣❧♦/♥❛ ❦❛♣❛❝✐/❡/❛ ↔❛❥♥✐❦❛ ✐♥ ③❛♠❛➨❦❛ ❥❡ ✸✵✵ ❏✴❑✳

❑♦❧✐❦♦ ↔❛+❛ ♦❞ /❛❦-❛/✱ ❦♦ ✈♦❞❛ ③❛✈-❡✱ ✈ /❡♠ ♣-✐♠❡-✉ /-❛❥❛✱ ❞❛ +❡ ♣♦❦-♦✈ ❞✈✐❣♥❡❄

✭❉♦✈❡❞❡♥❛ /♦♣❧♦/❛✱ ♣♦/-❡❜♥❛ ③❛ +❡❣-❡/❥❡ /❡❧❡+❛ + /♦♣❧♦/♥♦ ❦❛♣❛❝✐/❡/♦ ③❛ /❡♠♣❡-❛/✉-♥♦

-❛③❧✐❦♦ ✱ ❥❡ ✳✮

✹✳ ❑♦♥❞❡♥③❛/♦- ❥❡ +❡+/❛✈❧❥❡♥ ✐③ /-❡❤ ❦♦✈✐♥+❦✐❤ ♣❧♦➨↔ ✈ ♦❜❧✐❦✐ ❦✈❛❞-❛/❛ + +/-❛♥✐❝♦ ✶✵ ❝♠✱ ♣♦+/❛✈❧❥❡♥✐❤

✈ ❡♥❛❦♦♠❡-♥✐❤ -❛③♠✐❦✐❤✱ ❦♦/ ❦❛➸❡ +❧✐❦❛✳ ❘❛③♠✐❦ ♠❡❞ +♦+❡❞♥❥✐♠❛ ♣❧♦➨↔❛♠❛ ❥❡ ✵✱✶ ♠♠✳

❛✮ ◆❛ ♣❧♦➨↔❡ ♥❛♥❡+❡♠♦ ♥❛❜♦❥ ✶✵ ♥❆+ ✭ ♥❆+ ♥❛ ③✉♥❛♥❥✐ ❞✈❡ ✐♥ ♥❆+ ♥❛ ♥♦/-❛♥❥♦✮✳

❑♦❧✐❦➨♥❛ ❥❡ ❥❛❦♦+/ ❡❧❡❦/-✐↔♥❡❣❛ ♣♦❧❥❛ ♠❡❞ ♣❧♦➨↔❛♠✐❄

◆❛♠✐❣ ✿ >♦③♥❛➨ ❡♥❛↔❜♦ ③❛ ❡❧❡❦/-✐↔♥♦ ♣♦❧❥❡ ❡♥❡ ♣❧♦➨↔❡✳ ❯♣♦➨/❡✈❛❥✱ ❞❛ ❦ ❡❧❡❦/-✐↔♥❡♠ ♣♦❧❥✉ ✈

♣-♦+/♦-✉ ♠❡❞ ♣♦❧❥✉❜♥✐♠❛ ♣❧♦➨↔❛♠❛ ♣-✐+♣❡✈❛❥♦ ✈ ❡♥❛❦✐ ♠❡-✐ ✈+❡ ♣❧♦➨↔❡✳

❜✮ ❑♦❧✐❦➨♥❛ ❥❡ ♥❛♣❡/♦+/ ♠❡❞ ♥♦/-❛♥❥♦ ✐♥ ③✉♥❛♥❥✐♠❛ ♣❧♦➨↔❛♠❛❄ ❑♦❧✐❦➨♥❛ ❥❡ ❦❛♣❛❝✐/❡/❛ /❛❦➨♥❡❣❛

❦♦♥❞❡♥③❛/♦-❥❛❄ >❧♦➨↔❡ +❡ ♠❛❦+✐♠❛❧♥♦ ♣-❡❦-✐✈❛❥♦✱ ❛ /❛❦♦✱ ❞❛ ♥❡ ♣-✐❞❡ ❞♦ +/✐❦❛✳

❝✮ ❑♦♥❞❡♥③❛/♦- ♣-✐❦❧❥✉↔✐♠♦ ♥❛ ♥❛♣❡/♦+/ ✶✷ ❱ ✐♥ ♣♦↔❛❦❛♠♦✱ ❞❛ +❡ ♥❛♣❡/♦+/ ♥❛ ❦♦♥❞❡♥③❛/♦-❥✉

✉+/❛❧✐✳ ◆❡❣❛/✐✈♥♦ ♣❧♦➨↔♦ ♣-✐↔♥❡♠♦ + ❦♦♥+/❛♥/♥♦ ❤✐/-♦+/❥♦ ✺✵ ❝♠✴+ ✈❧❡↔✐ ✐③ ❦♦♥❞❡♥③❛/♦-❥❛✱

/❛❦♦ ❞❛ +❡ -❛③♠✐❦ ♠❡❞ ♣❧♦➨↔❛♠✐ ♦❤-❛♥❥❛✳ ❑♦❧✐❦➨❡♥ /♦❦ /❡↔❡ ✈ ✈❡③❥✉❄ ❚❡↔❡ /♦❦ ♦❞ ♣♦③✐/✐✈♥❡

♣❧♦➨↔❡ ♣-♦/✐ ♥❡❣❛/✐✈♥✐ ❛❧✐ ♦❜-❛/♥♦❄

❝

✷✵✶✼ ❉▼❋❆ ❙❧♦✈❡♥✐❥❡✱ ❑♦♠✐4✐❥❛ ③❛ ♣♦♣✉❧❛9✐③❛❝✐❥♦ ✜③✐❦❡ ✈ 49❡❞♥❥✐ ➨♦❧✐
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✶✳ ❊♠❛✱ ❆♥❛✱ ❘♦❦ ✐♥ ❚✐♠ ❣%❡❞♦ ✈ ❧✉♥❛♣❛%❦ ♥❛ ✈♦➸♥❥♦ ③ ❛✈2♦♠♦❜✐❧↔❦✐✳ ▼❛7❛ ❛✈2♦♠♦❜✐❧↔❦❛ ③

✈♦③♥✐❦♦♠ ❥❡ ✷✵✵ ❦❣✱ ♥❛❥✈❡↔❥❛ ♠♦➸♥❛ ❤✐2%♦72 ♣❛ ✻ ♠✴7✳ ❚✐♠ ✐♥ ❆♥❛ ✈♦③✐2❛ ❞%✉❣ ♣♦❧❡❣ ❞%✉❣❡❣❛

③ ♥❛❥✈❡↔❥♦ ♠♦➸♥♦ ❤✐2%♦72❥♦✳ ❘♦❦ 7❡ ♥❡♥❛❞♦♠❛ ↔❡❧♥♦ ③❛❧❡2✐ ✈ ❚✐♠❛✱ 2❛❦♦ ❞❛ ♦❜❛ ❛✈2♦♠♦❜✐❧↔❦❛

♦❜♠✐%✉❥❡2❛ ♥❛ ♠❡72✉✱ ❆♥❛ ♣❛ ③ ♥❡③♠❛♥❥➨❛♥♦ ❤✐2%♦72❥♦ ♥❛❞❛❧❥✉❥❡ ✈♦➸♥❥♦✳ ●✉♠✐❥❛72❛ ♦❜%♦❜❛

❛♠♦%2✐③✐%❛ 2%❦✱ 2❛❦♦ ❞❛ 7❡ ❛✈2♦♠♦❜✐❧↔❦❛ ♣%✐ 2%❦✉ ✉72❛✈✐2❛ ♣♦ ✵✱✹ 7✳

❊♠❛ 72♦❥✐ ♦❜ %♦❜✉ ❛✈2♦❞%♦♠❛ ✐♥ ❦♦♠❡♥2✐%❛✿ ✒▼❡❞ 2%❦♦♠ ❥❡ ➨❧♦ ❦❛% ♥❡❦❛❥ ❦✐♥❡2✐↔♥❡ ❡♥❡%❣✐❥❡ ✈

✐③❣✉❜♦✳✏ ▼❛❧♦ ♣♦%❛↔✉♥❛✿ ✒❆❤❛✱ ➸❡ ✐♠❛♠ %❡③✉❧2❛2✏✳

❚✐♠ ♣%❛✈✐✿ ✒❏❛③ 2♦ ✐③%❛↔✉♥❛♠ ♣%❡❝❡❥ ❤✐2%❡❥❡✱ 7❛❥ ③❛❞♦72✉❥❡✱ ❞❛ ✉♣♦➨2❡✈❛♠ ❧❡ ❘♦❦❛✱ ❦✐ 7❡ ③❛❧❡2✐

✈❛♠❡✳ ❩❛♠❡ ❥❡ ♠♦❥❛ ❤✐2%♦72 ♥✐↔ ✐♥ 2♦%❡❥ ♥✐♠❛♠ ❦✐♥❡2✐↔♥❡ ❡♥❡%❣✐❥❡✳✏ ❘❛↔✉♥❛✳ ✒❊♠❛ 7❡ ❥❡ ♦↔✐2♥♦

③♠♦2✐❧❛❀ ❥❛③ ❞♦❜✐♠ ♣%❡❝❡❥ ❞%✉❣❛↔❡♥ %❡③✉❧2❛2✳✏

❊♠❛✿ ✒◆✐7❡♠ 7❡ ③♠♦2✐❧❛✱ ❞♦❜✐✈❛ ♣❛↔ %❛③❧✐↔❡♥ %❡③✉❧2❛2 ③❛2♦✱ ❦❡% 7✐ 7❡ 2✐ ❣✐❜❛❧✱ ❥❛③ ♣❛ 7❡♠ ♠✐%♦✈❛❧❛✳✏

❚✐♠✿ ✒▼✐%♦✈❛❧❛❄ ❙❛❥ 7✐ ❦❛% ③ ♥❡❦❛❥ ❦♠✴7 7❦✉♣❛❥ ③ ❛✈2♦❞%♦♠♦♠ ❞%✈❡❧❛ 7❦♦③✐ ✈❡7♦❧❥❡✳✏

❖❣❧❛7✐ 7❡ ❆♥❛✿ ✒❘❛③❧✐↔♥❡ ❤✐2%♦72✐ ♥❡ ♠♦%❡❥♦ ❜✐2✐ %❛③❧♦❣ ③❛ %❛③❧✐↔♥❡ %❡③✉❧2❛2❡✱ 7❛❥ ❥❡ ➸❡ ●❛❧✐❧❡❥

✈❡❞❡❧✱ ❞❛ ♠♦%❛❥♦ ✈7✐ ♦♣❛③♦✈❛❧❝✐✱ ❦✐ 7❡ ❣✐❜❧❥❡❥♦ ♣%❡♠♦ ❡♥❛❦♦♠❡%♥♦✱ ❞♦❜✐2✐ ❡♥❛❦ %❡③✉❧2❛2✳ ❇♦♠ ➨❡

❥❛③ ✐③%❛↔✉♥❛❧❛ ✐③❣✉❜❡✳✏

❱ ✈♣%❛➨❛♥❥✐❤ ❛✮✱ ❝✮ ✐♥ ❡✮ ❜♦➨ ✈7❛❦✐↔ ♣%♦72♦%♦↔♥♦ ♥❛%✐7❛❧ ❣%❛❢ ❤✐2%♦72✐ ✈ ♦❞✈✐7♥♦72✐ ♦❞ ↔❛7❛ ③❛

%❛③❧✐↔♥❡ ♦7❡❜❡✱ ❦♦2 ❥✐❤ ✈✐❞✐ ❡♥❛ ♦❞ ♦7❡❜✳ ◆❛ ✈7❛❦❡♠ ❣%❛❢✉ ♦③♥❛↔✐✱ ③❛ ❦❛2❡%♦ ♦7❡❜♦ ❥❡ ♥❛%✐7❛♥ ❣%❛❢✳

❯♣♦➨2❡✈❛❥✱ ❞❛ 7❡ ♣%✐ ❣✐❜❛♥❥✉ ✈ ♥❛7♣%♦2♥✐ 7♠❡%✐ ♣%❡❞③♥❛❦ ❤✐2%♦72✐ 7♣%❡♠❡♥✐✳

❛✮ S%♦72♦%♦↔♥♦ ♥❛%✐➨✐ ❣%❛❢ ③❛ ❘♦❦❛✱ ❚✐♠❛ ✐♥ ❆♥♦✱ ❦♦2 ❥✐❤ ✈✐❞✐ ❊♠❛✳

❜✮ ❑♦❧✐❦➨♥❡ ✐③❣✉❜❡ ❥❡ ✐③%❛↔✉♥❛❧❛ ❊♠❛❄

❝✮ S%♦72♦%♦↔♥♦ ♥❛%✐➨✐ ❣%❛❢ ③❛ ❘♦❦❛ ✐♥ ❆♥♦✱ ❦♦2 ❥✉ ✈✐❞✐ ❚✐♠✳

❞✮ ❑♦❧✐❦➨♥❡ ✐③❣✉❜❡ ❥❡ ✐③%❛↔✉♥❛❧ ❚✐♠❄

❡✮ S%♦72♦%♦↔♥♦ ♥❛%✐➨✐ ❣%❛❢ ③❛ ❘♦❦❛ ✐♥ ❚✐♠❛✱ ❦♦2 ❥✉ ✈✐❞✐ ❆♥❛✳

❢✮ ❏❡ ❆♥✐♥ ✐③%❛↔✉♥ ✐③❣✉❜ ❡♥❛❦ ❊♠✐♥❡♠✉ ❛❧✐ ❚✐♠♦✈❡♠✉❄

❣✮ ❑❛2❡%✐ ♦❞ ✉❞❡❧❡➸❡♥❝❡✈ ❥❡ ✭7♦✮ 2♦%❡❥ ❞♦❜✐❧✭✐✮ ♥❛♣❛↔❡♥ %❡③✉❧2❛2❀ ❦❛❦♦ 2♦ ♣♦❥❛7♥✐➨ ❣❧❡❞❡ ♥❛

●❛❧✐❧❡❥❡✈♦ 2%❞✐2❡✈❄

✷✳ ➎❛%♥✐❝❛ ❥❡ ✐③❞❡❧❛♥❛ ③❛ ♥❛♣❡2♦72 ❱✱ ♣%✐ ❦❛2❡%✐ 7✈❡2✐ ③ ♠♦↔❥♦ ✷✹✵ ♠❲✳ ■③ ♣%❡❞♣♦72❛✈❦❡✱ ❞❛

❥❡ ✉♣♦% ➸❛%♥✐❝❡ 7♦%❛③♠❡%❡♥ 7 2❡♠♣❡%❛2✉%♦ ➸❛%✐❧♥❡ ♥✐2❦❡✱ ✐♥ ♣%❡❞♣♦72❛✈❦❡✱ ❞❛ ❥❡ ♠♦↔ ➸❛%♥✐❝❡✱ ❦✐

♦❞❞❛❥❛ ❡♥❡%❣✐❥♦ 7 7❡✈❛♥❥❡♠✱ 7♦%❛③♠❡%♥❛ 7 ↔❡2%2♦ ♣♦2❡♥❝♦ ❛❜7♦❧✉2♥❡ 2❡♠♣❡%❛2✉%❡ ➸❛%✐❧♥❡ ♥✐2❦❡✱

❞♦❜✐♠♦ ♠❡❞ ✉♣♦%♦♠ ✐♥ ♠♦↔❥♦ ③✈❡③♦ ✱ ❦❥❡% ❥❡ ♠♦↔ ➸❛%♥✐❝❡✱ ❦♦ ❥❡ ✉♣♦%

➸❛%♥✐❝❡ ❡♥❛❦ ✳ ◆❛ ✈✐% ③ ❣♦♥✐❧♥♦ ♥❛♣❡2♦72❥♦ ❱ ✐♥ ③ ③❛♥❡♠❛%❧❥✐✈✐♠ ♥♦2%❛♥❥✐♠ ✉♣♦%♦♠

③❛♣♦%❡❞♥♦ ✈❡➸❡♠♦ ➸❛%♥✐❝♦ ✐♥ ✉♣♦%♥✐❦ ✳ ▼♦↔✱ ❦✐ ❥♦ ♦❞❞❛❥❛ ➸❛%♥✐❝❛✱ ❥❡ ✷✵✵ ♠❲✳

❛✮ ❑♦❧✐❦➨♥❛ ❥❡ ♥❛♣❡2♦72 ♥❛ ➸❛%♥✐❝✐❄

❜✮ ❑♦❧✐❦➨❡♥ ❥❡ ✉♣♦% ✉♣♦%♥✐❦❛ ❄

❝✮ ❩ ✉♣♦%♥✐❦♦♠ ➸❡❧✐♠♦ ✈❡③❥❡ 7♣%❡♠❡♥✐2✐ 2❛❦♦✱ ❞❛ ❜♦ ➸❛%♥✐❝❛ 7✈❡2✐❧❛ ③ ♠♦↔❥♦ ✷✹✵ ♠❲✳ ◆❛%✐➨✐

7❤❡♠♦ ❡❧❡❦2%✐↔♥❡❣❛ ❦%♦❣❛ ③ ✈✐%♦♠✱ ➸❛%♥✐❝♦✱ ✉♣♦%♥✐❦♦♠ ✐♥ ✉72%❡③♥♦ ✈❡③❛♥✐♠ ✉♣♦%♥✐❦♦♠

✳ ❑♦❧✐❦➨❡♥ ♠♦%❛ ❜✐2✐ ✉♣♦% ✉♣♦%♥✐❦❛ ❄

❞✮ ❷❡ 2♦❦ 7❦♦③✐ ➸❛%♥✐❝♦ ♣%❡7❡➸❡ ♠❆✱ ➸❛%♥✐❝❛ ♣%❡❣♦%✐✳ ❑♦❧✐❦➨♥❛ ❥❡ ♥❛❥✈❡↔❥❛ ♠♦↔✱ 7 ❦❛2❡%♦

➸❛%♥✐❝❛ 7✈❡2✐✱ ♣%❡❞❡♥ ♣%❡❣♦%✐❄

✺✺✳ ❋■❩■❑❆▲◆❖ ❚❊❑▼❖❱❆◆❏❊ ❙❘❊❉◆❏❊➆❖▲❈❊❱ ❙▲❖❱❊◆■❏❊
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✶✳ ❊♠❛✱ ❆♥❛✱ ❘♦❦ ✐♥ ❚✐♠ ❣%❡❞♦ ✈ ❧✉♥❛♣❛%❦ ♥❛ ✈♦➸♥❥♦ ③ ❛✈2♦♠♦❜✐❧↔❦✐✳ ▼❛7❛ ❛✈2♦♠♦❜✐❧↔❦❛ ③

✈♦③♥✐❦♦♠ ❥❡ ✷✵✵ ❦❣✱ ♥❛❥✈❡↔❥❛ ♠♦➸♥❛ ❤✐2%♦72 ♣❛ ✻ ♠✴7✳ ❚✐♠ ✐♥ ❆♥❛ ✈♦③✐2❛ ❞%✉❣ ♣♦❧❡❣ ❞%✉❣❡❣❛

③ ♥❛❥✈❡↔❥♦ ♠♦➸♥♦ ❤✐2%♦72❥♦✳ ❘♦❦ 7❡ ♥❡♥❛❞♦♠❛ ↔❡❧♥♦ ③❛❧❡2✐ ✈ ❚✐♠❛✱ 2❛❦♦ ❞❛ ♦❜❛ ❛✈2♦♠♦❜✐❧↔❦❛

♦❜♠✐%✉❥❡2❛ ♥❛ ♠❡72✉✱ ❆♥❛ ♣❛ ③ ♥❡③♠❛♥❥➨❛♥♦ ❤✐2%♦72❥♦ ♥❛❞❛❧❥✉❥❡ ✈♦➸♥❥♦✳ ●✉♠✐❥❛72❛ ♦❜%♦❜❛

❛♠♦%2✐③✐%❛ 2%❦✱ 2❛❦♦ ❞❛ 7❡ ❛✈2♦♠♦❜✐❧↔❦❛ ♣%✐ 2%❦✉ ✉72❛✈✐2❛ ♣♦ ✵✱✹ 7✳

❊♠❛ 72♦❥✐ ♦❜ %♦❜✉ ❛✈2♦❞%♦♠❛ ✐♥ ❦♦♠❡♥2✐%❛✿ ✒▼❡❞ 2%❦♦♠ ❥❡ ➨❧♦ ❦❛% ♥❡❦❛❥ ❦✐♥❡2✐↔♥❡ ❡♥❡%❣✐❥❡ ✈

✐③❣✉❜♦✳✏ ▼❛❧♦ ♣♦%❛↔✉♥❛✿ ✒❆❤❛✱ ➸❡ ✐♠❛♠ %❡③✉❧2❛2✏✳

❚✐♠ ♣%❛✈✐✿ ✒❏❛③ 2♦ ✐③%❛↔✉♥❛♠ ♣%❡❝❡❥ ❤✐2%❡❥❡✱ 7❛❥ ③❛❞♦72✉❥❡✱ ❞❛ ✉♣♦➨2❡✈❛♠ ❧❡ ❘♦❦❛✱ ❦✐ 7❡ ③❛❧❡2✐

✈❛♠❡✳ ❩❛♠❡ ❥❡ ♠♦❥❛ ❤✐2%♦72 ♥✐↔ ✐♥ 2♦%❡❥ ♥✐♠❛♠ ❦✐♥❡2✐↔♥❡ ❡♥❡%❣✐❥❡✳✏ ❘❛↔✉♥❛✳ ✒❊♠❛ 7❡ ❥❡ ♦↔✐2♥♦

③♠♦2✐❧❛❀ ❥❛③ ❞♦❜✐♠ ♣%❡❝❡❥ ❞%✉❣❛↔❡♥ %❡③✉❧2❛2✳✏

❊♠❛✿ ✒◆✐7❡♠ 7❡ ③♠♦2✐❧❛✱ ❞♦❜✐✈❛ ♣❛↔ %❛③❧✐↔❡♥ %❡③✉❧2❛2 ③❛2♦✱ ❦❡% 7✐ 7❡ 2✐ ❣✐❜❛❧✱ ❥❛③ ♣❛ 7❡♠ ♠✐%♦✈❛❧❛✳✏

❚✐♠✿ ✒▼✐%♦✈❛❧❛❄ ❙❛❥ 7✐ ❦❛% ③ ♥❡❦❛❥ ❦♠✴7 7❦✉♣❛❥ ③ ❛✈2♦❞%♦♠♦♠ ❞%✈❡❧❛ 7❦♦③✐ ✈❡7♦❧❥❡✳✏

❖❣❧❛7✐ 7❡ ❆♥❛✿ ✒❘❛③❧✐↔♥❡ ❤✐2%♦72✐ ♥❡ ♠♦%❡❥♦ ❜✐2✐ %❛③❧♦❣ ③❛ %❛③❧✐↔♥❡ %❡③✉❧2❛2❡✱ 7❛❥ ❥❡ ➸❡ ●❛❧✐❧❡❥

✈❡❞❡❧✱ ❞❛ ♠♦%❛❥♦ ✈7✐ ♦♣❛③♦✈❛❧❝✐✱ ❦✐ 7❡ ❣✐❜❧❥❡❥♦ ♣%❡♠♦ ❡♥❛❦♦♠❡%♥♦✱ ❞♦❜✐2✐ ❡♥❛❦ %❡③✉❧2❛2✳ ❇♦♠ ➨❡

❥❛③ ✐③%❛↔✉♥❛❧❛ ✐③❣✉❜❡✳✏

❱ ✈♣%❛➨❛♥❥✐❤ ❛✮✱ ❝✮ ✐♥ ❡✮ ❜♦➨ ✈7❛❦✐↔ ♣%♦72♦%♦↔♥♦ ♥❛%✐7❛❧ ❣%❛❢ ❤✐2%♦72✐ ✈ ♦❞✈✐7♥♦72✐ ♦❞ ↔❛7❛ v(t) ③❛
%❛③❧✐↔♥❡ ♦7❡❜❡✱ ❦♦2 ❥✐❤ ✈✐❞✐ ❡♥❛ ♦❞ ♦7❡❜✳ ◆❛ ✈7❛❦❡♠ ❣%❛❢✉ ♦③♥❛↔✐✱ ③❛ ❦❛2❡%♦ ♦7❡❜♦ ❥❡ ♥❛%✐7❛♥ ❣%❛❢✳

❯♣♦➨2❡✈❛❥✱ ❞❛ 7❡ ♣%✐ ❣✐❜❛♥❥✉ ✈ ♥❛7♣%♦2♥✐ 7♠❡%✐ ♣%❡❞③♥❛❦ ❤✐2%♦72✐ 7♣%❡♠❡♥✐✳

❛✮ S%♦72♦%♦↔♥♦ ♥❛%✐➨✐ ❣%❛❢ ③❛ ❘♦❦❛✱ ❚✐♠❛ ✐♥ ❆♥♦✱ ❦♦2 ❥✐❤ ✈✐❞✐ ❊♠❛✳

❜✮ ❑♦❧✐❦➨♥❡ ✐③❣✉❜❡ ❥❡ ✐③%❛↔✉♥❛❧❛ ❊♠❛❄

❝✮ S%♦72♦%♦↔♥♦ ♥❛%✐➨✐ ❣%❛❢ ③❛ ❘♦❦❛ ✐♥ ❆♥♦✱ ❦♦2 ❥✉ ✈✐❞✐ ❚✐♠✳

❞✮ ❑♦❧✐❦➨♥❡ ✐③❣✉❜❡ ❥❡ ✐③%❛↔✉♥❛❧ ❚✐♠❄

❡✮ S%♦72♦%♦↔♥♦ ♥❛%✐➨✐ ❣%❛❢ ③❛ ❘♦❦❛ ✐♥ ❚✐♠❛✱ ❦♦2 ❥✉ ✈✐❞✐ ❆♥❛✳

❢✮ ❏❡ ❆♥✐♥ ✐③%❛↔✉♥ ✐③❣✉❜ ❡♥❛❦ ❊♠✐♥❡♠✉ ❛❧✐ ❚✐♠♦✈❡♠✉❄

❣✮ ❑❛2❡%✐ ♦❞ ✉❞❡❧❡➸❡♥❝❡✈ ❥❡ ✭7♦✮ 2♦%❡❥ ❞♦❜✐❧✭✐✮ ♥❛♣❛↔❡♥ %❡③✉❧2❛2❀ ❦❛❦♦ 2♦ ♣♦❥❛7♥✐➨ ❣❧❡❞❡ ♥❛

●❛❧✐❧❡❥❡✈♦ 2%❞✐2❡✈❄

✷✳ ➎❛%♥✐❝❛ ❥❡ ✐③❞❡❧❛♥❛ ③❛ ♥❛♣❡2♦72 ❱✱ ♣%✐ ❦❛2❡%✐ 7✈❡2✐ ③ ♠♦↔❥♦ ✷✹✵ ♠❲✳ ■③ ♣%❡❞♣♦72❛✈❦❡✱ ❞❛

❥❡ ✉♣♦% ➸❛%♥✐❝❡ 7♦%❛③♠❡%❡♥ 7 2❡♠♣❡%❛2✉%♦ ➸❛%✐❧♥❡ ♥✐2❦❡✱ ✐♥ ♣%❡❞♣♦72❛✈❦❡✱ ❞❛ ❥❡ ♠♦↔ ➸❛%♥✐❝❡✱ ❦✐

♦❞❞❛❥❛ ❡♥❡%❣✐❥♦ 7 7❡✈❛♥❥❡♠✱ 7♦%❛③♠❡%♥❛ 7 ↔❡2%2♦ ♣♦2❡♥❝♦ ❛❜7♦❧✉2♥❡ 2❡♠♣❡%❛2✉%❡ ➸❛%✐❧♥❡ ♥✐2❦❡✱

❞♦❜✐♠♦ ♠❡❞ ✉♣♦%♦♠ ✐♥ ♠♦↔❥♦ ③✈❡③♦ ✱ ❦❥❡% ❥❡ ♠♦↔ ➸❛%♥✐❝❡✱ ❦♦ ❥❡ ✉♣♦%

➸❛%♥✐❝❡ ❡♥❛❦ ✳ ◆❛ ✈✐% ③ ❣♦♥✐❧♥♦ ♥❛♣❡2♦72❥♦ ❱ ✐♥ ③ ③❛♥❡♠❛%❧❥✐✈✐♠ ♥♦2%❛♥❥✐♠ ✉♣♦%♦♠

③❛♣♦%❡❞♥♦ ✈❡➸❡♠♦ ➸❛%♥✐❝♦ ✐♥ ✉♣♦%♥✐❦ ✳ ▼♦↔✱ ❦✐ ❥♦ ♦❞❞❛❥❛ ➸❛%♥✐❝❛✱ ❥❡ ✷✵✵ ♠❲✳

❛✮ ❑♦❧✐❦➨♥❛ ❥❡ ♥❛♣❡2♦72 ♥❛ ➸❛%♥✐❝✐❄

❜✮ ❑♦❧✐❦➨❡♥ ❥❡ ✉♣♦% ✉♣♦%♥✐❦❛ ❄

❝✮ ❩ ✉♣♦%♥✐❦♦♠ ➸❡❧✐♠♦ ✈❡③❥❡ 7♣%❡♠❡♥✐2✐ 2❛❦♦✱ ❞❛ ❜♦ ➸❛%♥✐❝❛ 7✈❡2✐❧❛ ③ ♠♦↔❥♦ ✷✹✵ ♠❲✳ ◆❛%✐➨✐

7❤❡♠♦ ❡❧❡❦2%✐↔♥❡❣❛ ❦%♦❣❛ ③ ✈✐%♦♠✱ ➸❛%♥✐❝♦✱ ✉♣♦%♥✐❦♦♠ ✐♥ ✉72%❡③♥♦ ✈❡③❛♥✐♠ ✉♣♦%♥✐❦♦♠

✳ ❑♦❧✐❦➨❡♥ ♠♦%❛ ❜✐2✐ ✉♣♦% ✉♣♦%♥✐❦❛ ❄

❞✮ ❷❡ 2♦❦ 7❦♦③✐ ➸❛%♥✐❝♦ ♣%❡7❡➸❡ ♠❆✱ ➸❛%♥✐❝❛ ♣%❡❣♦%✐✳ ❑♦❧✐❦➨♥❛ ❥❡ ♥❛❥✈❡↔❥❛ ♠♦↔✱ 7 ❦❛2❡%♦

➸❛%♥✐❝❛ 7✈❡2✐✱ ♣%❡❞❡♥ ♣%❡❣♦%✐❄

✺✺✳ ❋■❩■❑❆▲◆❖ ❚❊❑▼❖❱❆◆❏❊ ❙❘❊❉◆❏❊➆❖▲❈❊❱ ❙▲❖❱❊◆■❏❊

❉4➸❛✈♥♦ :❡❦♠♦✈❛♥❥❡✱ ▼❛4✐❜♦4✱ ✽✳ ✹✳ ✷✵✶✼

❙❦✉♣✐♥❛ ■■■

✶✳ ❊♠❛✱ ❆♥❛✱ ❘♦❦ ✐♥ ❚✐♠ ❣%❡❞♦ ✈ ❧✉♥❛♣❛%❦ ♥❛ ✈♦➸♥❥♦ ③ ❛✈2♦♠♦❜✐❧↔❦✐✳ ▼❛7❛ ❛✈2♦♠♦❜✐❧↔❦❛ ③

✈♦③♥✐❦♦♠ ❥❡ ✷✵✵ ❦❣✱ ♥❛❥✈❡↔❥❛ ♠♦➸♥❛ ❤✐2%♦72 ♣❛ ✻ ♠✴7✳ ❚✐♠ ✐♥ ❆♥❛ ✈♦③✐2❛ ❞%✉❣ ♣♦❧❡❣ ❞%✉❣❡❣❛

③ ♥❛❥✈❡↔❥♦ ♠♦➸♥♦ ❤✐2%♦72❥♦✳ ❘♦❦ 7❡ ♥❡♥❛❞♦♠❛ ↔❡❧♥♦ ③❛❧❡2✐ ✈ ❚✐♠❛✱ 2❛❦♦ ❞❛ ♦❜❛ ❛✈2♦♠♦❜✐❧↔❦❛

♦❜♠✐%✉❥❡2❛ ♥❛ ♠❡72✉✱ ❆♥❛ ♣❛ ③ ♥❡③♠❛♥❥➨❛♥♦ ❤✐2%♦72❥♦ ♥❛❞❛❧❥✉❥❡ ✈♦➸♥❥♦✳ ●✉♠✐❥❛72❛ ♦❜%♦❜❛

❛♠♦%2✐③✐%❛ 2%❦✱ 2❛❦♦ ❞❛ 7❡ ❛✈2♦♠♦❜✐❧↔❦❛ ♣%✐ 2%❦✉ ✉72❛✈✐2❛ ♣♦ ✵✱✹ 7✳

❊♠❛ 72♦❥✐ ♦❜ %♦❜✉ ❛✈2♦❞%♦♠❛ ✐♥ ❦♦♠❡♥2✐%❛✿ ✒▼❡❞ 2%❦♦♠ ❥❡ ➨❧♦ ❦❛% ♥❡❦❛❥ ❦✐♥❡2✐↔♥❡ ❡♥❡%❣✐❥❡ ✈

✐③❣✉❜♦✳✏ ▼❛❧♦ ♣♦%❛↔✉♥❛✿ ✒❆❤❛✱ ➸❡ ✐♠❛♠ %❡③✉❧2❛2✏✳

❚✐♠ ♣%❛✈✐✿ ✒❏❛③ 2♦ ✐③%❛↔✉♥❛♠ ♣%❡❝❡❥ ❤✐2%❡❥❡✱ 7❛❥ ③❛❞♦72✉❥❡✱ ❞❛ ✉♣♦➨2❡✈❛♠ ❧❡ ❘♦❦❛✱ ❦✐ 7❡ ③❛❧❡2✐

✈❛♠❡✳ ❩❛♠❡ ❥❡ ♠♦❥❛ ❤✐2%♦72 ♥✐↔ ✐♥ 2♦%❡❥ ♥✐♠❛♠ ❦✐♥❡2✐↔♥❡ ❡♥❡%❣✐❥❡✳✏ ❘❛↔✉♥❛✳ ✒❊♠❛ 7❡ ❥❡ ♦↔✐2♥♦

③♠♦2✐❧❛❀ ❥❛③ ❞♦❜✐♠ ♣%❡❝❡❥ ❞%✉❣❛↔❡♥ %❡③✉❧2❛2✳✏

❊♠❛✿ ✒◆✐7❡♠ 7❡ ③♠♦2✐❧❛✱ ❞♦❜✐✈❛ ♣❛↔ %❛③❧✐↔❡♥ %❡③✉❧2❛2 ③❛2♦✱ ❦❡% 7✐ 7❡ 2✐ ❣✐❜❛❧✱ ❥❛③ ♣❛ 7❡♠ ♠✐%♦✈❛❧❛✳✏

❚✐♠✿ ✒▼✐%♦✈❛❧❛❄ ❙❛❥ 7✐ ❦❛% ③ ♥❡❦❛❥ ❦♠✴7 7❦✉♣❛❥ ③ ❛✈2♦❞%♦♠♦♠ ❞%✈❡❧❛ 7❦♦③✐ ✈❡7♦❧❥❡✳✏
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❖❣❧❛7✐ 7❡ ❆♥❛✿ ✒❘❛③❧✐↔♥❡ ❤✐2%♦72✐ ♥❡ ♠♦%❡❥♦ ❜✐2✐ %❛③❧♦❣ ③❛ %❛③❧✐↔♥❡ %❡③✉❧2❛2❡✱ 7❛❥ ❥❡ ➸❡ ●❛❧✐❧❡❥
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●❛❧✐❧❡❥❡✈♦ 2%❞✐2❡✈❄

✷✳ ➎❛%♥✐❝❛ ❥❡ ✐③❞❡❧❛♥❛ ③❛ ♥❛♣❡2♦72 3,00 ❱✱ ♣%✐ ❦❛2❡%✐ 7✈❡2✐ ③ ♠♦↔❥♦ ✷✹✵ ♠❲✳ ■③ ♣%❡❞♣♦72❛✈❦❡✱ ❞❛

❥❡ ✉♣♦% ➸❛%♥✐❝❡ 7♦%❛③♠❡%❡♥ 7 2❡♠♣❡%❛2✉%♦ ➸❛%✐❧♥❡ ♥✐2❦❡✱ ✐♥ ♣%❡❞♣♦72❛✈❦❡✱ ❞❛ ❥❡ ♠♦↔ ➸❛%♥✐❝❡✱ ❦✐

♦❞❞❛❥❛ ❡♥❡%❣✐❥♦ 7 7❡✈❛♥❥❡♠✱ 7♦%❛③♠❡%♥❛ 7 ↔❡2%2♦ ♣♦2❡♥❝♦ ❛❜7♦❧✉2♥❡ 2❡♠♣❡%❛2✉%❡ ➸❛%✐❧♥❡ ♥✐2❦❡✱

❞♦❜✐♠♦ ♠❡❞ ✉♣♦%♦♠ R ✐♥ ♠♦↔❥♦ P ③✈❡③♦ P/P0 = (R/R0)
4
✱ ❦❥❡% ❥❡ P0 ♠♦↔ ➸❛%♥✐❝❡✱ ❦♦ ❥❡ ✉♣♦%

➸❛%♥✐❝❡ ❡♥❛❦ R0✳ ◆❛ ✈✐% ③ ❣♦♥✐❧♥♦ ♥❛♣❡2♦72❥♦ Ug = 6,00 ❱ ✐♥ ③ ③❛♥❡♠❛%❧❥✐✈✐♠ ♥♦2%❛♥❥✐♠ ✉♣♦%♦♠

③❛♣♦%❡❞♥♦ ✈❡➸❡♠♦ ➸❛%♥✐❝♦ ✐♥ ✉♣♦%♥✐❦ R1✳ ▼♦↔✱ ❦✐ ❥♦ ♦❞❞❛❥❛ ➸❛%♥✐❝❛✱ ❥❡ ✷✵✵ ♠❲✳

❛✮ ❑♦❧✐❦➨♥❛ ❥❡ ♥❛♣❡2♦72 ♥❛ ➸❛%♥✐❝✐❄

❜✮ ❑♦❧✐❦➨❡♥ ❥❡ ✉♣♦% ✉♣♦%♥✐❦❛ ❄

❝✮ ❩ ✉♣♦%♥✐❦♦♠ ➸❡❧✐♠♦ ✈❡③❥❡ 7♣%❡♠❡♥✐2✐ 2❛❦♦✱ ❞❛ ❜♦ ➸❛%♥✐❝❛ 7✈❡2✐❧❛ ③ ♠♦↔❥♦ ✷✹✵ ♠❲✳ ◆❛%✐➨✐

7❤❡♠♦ ❡❧❡❦2%✐↔♥❡❣❛ ❦%♦❣❛ ③ ✈✐%♦♠✱ ➸❛%♥✐❝♦✱ ✉♣♦%♥✐❦♦♠ ✐♥ ✉72%❡③♥♦ ✈❡③❛♥✐♠ ✉♣♦%♥✐❦♦♠

✳ ❑♦❧✐❦➨❡♥ ♠♦%❛ ❜✐2✐ ✉♣♦% ✉♣♦%♥✐❦❛ ❄

❞✮ ❷❡ 2♦❦ 7❦♦③✐ ➸❛%♥✐❝♦ ♣%❡7❡➸❡ ♠❆✱ ➸❛%♥✐❝❛ ♣%❡❣♦%✐✳ ❑♦❧✐❦➨♥❛ ❥❡ ♥❛❥✈❡↔❥❛ ♠♦↔✱ 7 ❦❛2❡%♦

➸❛%♥✐❝❛ 7✈❡2✐✱ ♣%❡❞❡♥ ♣%❡❣♦%✐❄

✺✺✳ ❋■❩■❑❆▲◆❖ ❚❊❑▼❖❱❆◆❏❊ ❙❘❊❉◆❏❊➆❖▲❈❊❱ ❙▲❖❱❊◆■❏❊

❉4➸❛✈♥♦ :❡❦♠♦✈❛♥❥❡✱ ▼❛4✐❜♦4✱ ✽✳ ✹✳ ✷✵✶✼

❙❦✉♣✐♥❛ ■■■

✶✳ ❊♠❛✱ ❆♥❛✱ ❘♦❦ ✐♥ ❚✐♠ ❣%❡❞♦ ✈ ❧✉♥❛♣❛%❦ ♥❛ ✈♦➸♥❥♦ ③ ❛✈2♦♠♦❜✐❧↔❦✐✳ ▼❛7❛ ❛✈2♦♠♦❜✐❧↔❦❛ ③

✈♦③♥✐❦♦♠ ❥❡ ✷✵✵ ❦❣✱ ♥❛❥✈❡↔❥❛ ♠♦➸♥❛ ❤✐2%♦72 ♣❛ ✻ ♠✴7✳ ❚✐♠ ✐♥ ❆♥❛ ✈♦③✐2❛ ❞%✉❣ ♣♦❧❡❣ ❞%✉❣❡❣❛

③ ♥❛❥✈❡↔❥♦ ♠♦➸♥♦ ❤✐2%♦72❥♦✳ ❘♦❦ 7❡ ♥❡♥❛❞♦♠❛ ↔❡❧♥♦ ③❛❧❡2✐ ✈ ❚✐♠❛✱ 2❛❦♦ ❞❛ ♦❜❛ ❛✈2♦♠♦❜✐❧↔❦❛

♦❜♠✐%✉❥❡2❛ ♥❛ ♠❡72✉✱ ❆♥❛ ♣❛ ③ ♥❡③♠❛♥❥➨❛♥♦ ❤✐2%♦72❥♦ ♥❛❞❛❧❥✉❥❡ ✈♦➸♥❥♦✳ ●✉♠✐❥❛72❛ ♦❜%♦❜❛

❛♠♦%2✐③✐%❛ 2%❦✱ 2❛❦♦ ❞❛ 7❡ ❛✈2♦♠♦❜✐❧↔❦❛ ♣%✐ 2%❦✉ ✉72❛✈✐2❛ ♣♦ ✵✱✹ 7✳

❊♠❛ 72♦❥✐ ♦❜ %♦❜✉ ❛✈2♦❞%♦♠❛ ✐♥ ❦♦♠❡♥2✐%❛✿ ✒▼❡❞ 2%❦♦♠ ❥❡ ➨❧♦ ❦❛% ♥❡❦❛❥ ❦✐♥❡2✐↔♥❡ ❡♥❡%❣✐❥❡ ✈

✐③❣✉❜♦✳✏ ▼❛❧♦ ♣♦%❛↔✉♥❛✿ ✒❆❤❛✱ ➸❡ ✐♠❛♠ %❡③✉❧2❛2✏✳

❚✐♠ ♣%❛✈✐✿ ✒❏❛③ 2♦ ✐③%❛↔✉♥❛♠ ♣%❡❝❡❥ ❤✐2%❡❥❡✱ 7❛❥ ③❛❞♦72✉❥❡✱ ❞❛ ✉♣♦➨2❡✈❛♠ ❧❡ ❘♦❦❛✱ ❦✐ 7❡ ③❛❧❡2✐

✈❛♠❡✳ ❩❛♠❡ ❥❡ ♠♦❥❛ ❤✐2%♦72 ♥✐↔ ✐♥ 2♦%❡❥ ♥✐♠❛♠ ❦✐♥❡2✐↔♥❡ ❡♥❡%❣✐❥❡✳✏ ❘❛↔✉♥❛✳ ✒❊♠❛ 7❡ ❥❡ ♦↔✐2♥♦

③♠♦2✐❧❛❀ ❥❛③ ❞♦❜✐♠ ♣%❡❝❡❥ ❞%✉❣❛↔❡♥ %❡③✉❧2❛2✳✏

❊♠❛✿ ✒◆✐7❡♠ 7❡ ③♠♦2✐❧❛✱ ❞♦❜✐✈❛ ♣❛↔ %❛③❧✐↔❡♥ %❡③✉❧2❛2 ③❛2♦✱ ❦❡% 7✐ 7❡ 2✐ ❣✐❜❛❧✱ ❥❛③ ♣❛ 7❡♠ ♠✐%♦✈❛❧❛✳✏

❚✐♠✿ ✒▼✐%♦✈❛❧❛❄ ❙❛❥ 7✐ ❦❛% ③ ♥❡❦❛❥ ❦♠✴7 7❦✉♣❛❥ ③ ❛✈2♦❞%♦♠♦♠ ❞%✈❡❧❛ 7❦♦③✐ ✈❡7♦❧❥❡✳✏

❖❣❧❛7✐ 7❡ ❆♥❛✿ ✒❘❛③❧✐↔♥❡ ❤✐2%♦72✐ ♥❡ ♠♦%❡❥♦ ❜✐2✐ %❛③❧♦❣ ③❛ %❛③❧✐↔♥❡ %❡③✉❧2❛2❡✱ 7❛❥ ❥❡ ➸❡ ●❛❧✐❧❡❥

✈❡❞❡❧✱ ❞❛ ♠♦%❛❥♦ ✈7✐ ♦♣❛③♦✈❛❧❝✐✱ ❦✐ 7❡ ❣✐❜❧❥❡❥♦ ♣%❡♠♦ ❡♥❛❦♦♠❡%♥♦✱ ❞♦❜✐2✐ ❡♥❛❦ %❡③✉❧2❛2✳ ❇♦♠ ➨❡

❥❛③ ✐③%❛↔✉♥❛❧❛ ✐③❣✉❜❡✳✏

❱ ✈♣%❛➨❛♥❥✐❤ ❛✮✱ ❝✮ ✐♥ ❡✮ ❜♦➨ ✈7❛❦✐↔ ♣%♦72♦%♦↔♥♦ ♥❛%✐7❛❧ ❣%❛❢ ❤✐2%♦72✐ ✈ ♦❞✈✐7♥♦72✐ ♦❞ ↔❛7❛ ③❛

%❛③❧✐↔♥❡ ♦7❡❜❡✱ ❦♦2 ❥✐❤ ✈✐❞✐ ❡♥❛ ♦❞ ♦7❡❜✳ ◆❛ ✈7❛❦❡♠ ❣%❛❢✉ ♦③♥❛↔✐✱ ③❛ ❦❛2❡%♦ ♦7❡❜♦ ❥❡ ♥❛%✐7❛♥ ❣%❛❢✳

❯♣♦➨2❡✈❛❥✱ ❞❛ 7❡ ♣%✐ ❣✐❜❛♥❥✉ ✈ ♥❛7♣%♦2♥✐ 7♠❡%✐ ♣%❡❞③♥❛❦ ❤✐2%♦72✐ 7♣%❡♠❡♥✐✳

❛✮ S%♦72♦%♦↔♥♦ ♥❛%✐➨✐ ❣%❛❢ ③❛ ❘♦❦❛✱ ❚✐♠❛ ✐♥ ❆♥♦✱ ❦♦2 ❥✐❤ ✈✐❞✐ ❊♠❛✳

❜✮ ❑♦❧✐❦➨♥❡ ✐③❣✉❜❡ ❥❡ ✐③%❛↔✉♥❛❧❛ ❊♠❛❄

❝✮ S%♦72♦%♦↔♥♦ ♥❛%✐➨✐ ❣%❛❢ ③❛ ❘♦❦❛ ✐♥ ❆♥♦✱ ❦♦2 ❥✉ ✈✐❞✐ ❚✐♠✳

❞✮ ❑♦❧✐❦➨♥❡ ✐③❣✉❜❡ ❥❡ ✐③%❛↔✉♥❛❧ ❚✐♠❄

❡✮ S%♦72♦%♦↔♥♦ ♥❛%✐➨✐ ❣%❛❢ ③❛ ❘♦❦❛ ✐♥ ❚✐♠❛✱ ❦♦2 ❥✉ ✈✐❞✐ ❆♥❛✳

❢✮ ❏❡ ❆♥✐♥ ✐③%❛↔✉♥ ✐③❣✉❜ ❡♥❛❦ ❊♠✐♥❡♠✉ ❛❧✐ ❚✐♠♦✈❡♠✉❄

❣✮ ❑❛2❡%✐ ♦❞ ✉❞❡❧❡➸❡♥❝❡✈ ❥❡ ✭7♦✮ 2♦%❡❥ ❞♦❜✐❧✭✐✮ ♥❛♣❛↔❡♥ %❡③✉❧2❛2❀ ❦❛❦♦ 2♦ ♣♦❥❛7♥✐➨ ❣❧❡❞❡ ♥❛

●❛❧✐❧❡❥❡✈♦ 2%❞✐2❡✈❄

✷✳ ➎❛%♥✐❝❛ ❥❡ ✐③❞❡❧❛♥❛ ③❛ ♥❛♣❡2♦72 ❱✱ ♣%✐ ❦❛2❡%✐ 7✈❡2✐ ③ ♠♦↔❥♦ ✷✹✵ ♠❲✳ ■③ ♣%❡❞♣♦72❛✈❦❡✱ ❞❛

❥❡ ✉♣♦% ➸❛%♥✐❝❡ 7♦%❛③♠❡%❡♥ 7 2❡♠♣❡%❛2✉%♦ ➸❛%✐❧♥❡ ♥✐2❦❡✱ ✐♥ ♣%❡❞♣♦72❛✈❦❡✱ ❞❛ ❥❡ ♠♦↔ ➸❛%♥✐❝❡✱ ❦✐

♦❞❞❛❥❛ ❡♥❡%❣✐❥♦ 7 7❡✈❛♥❥❡♠✱ 7♦%❛③♠❡%♥❛ 7 ↔❡2%2♦ ♣♦2❡♥❝♦ ❛❜7♦❧✉2♥❡ 2❡♠♣❡%❛2✉%❡ ➸❛%✐❧♥❡ ♥✐2❦❡✱

❞♦❜✐♠♦ ♠❡❞ ✉♣♦%♦♠ ✐♥ ♠♦↔❥♦ ③✈❡③♦ ✱ ❦❥❡% ❥❡ ♠♦↔ ➸❛%♥✐❝❡✱ ❦♦ ❥❡ ✉♣♦%

➸❛%♥✐❝❡ ❡♥❛❦ ✳ ◆❛ ✈✐% ③ ❣♦♥✐❧♥♦ ♥❛♣❡2♦72❥♦ ❱ ✐♥ ③ ③❛♥❡♠❛%❧❥✐✈✐♠ ♥♦2%❛♥❥✐♠ ✉♣♦%♦♠

③❛♣♦%❡❞♥♦ ✈❡➸❡♠♦ ➸❛%♥✐❝♦ ✐♥ ✉♣♦%♥✐❦ ✳ ▼♦↔✱ ❦✐ ❥♦ ♦❞❞❛❥❛ ➸❛%♥✐❝❛✱ ❥❡ ✷✵✵ ♠❲✳

❛✮ ❑♦❧✐❦➨♥❛ ❥❡ ♥❛♣❡2♦72 ♥❛ ➸❛%♥✐❝✐❄

❜✮ ❑♦❧✐❦➨❡♥ ❥❡ ✉♣♦% ✉♣♦%♥✐❦❛ R1❄

❝✮ ❩ ✉♣♦%♥✐❦♦♠ R ➸❡❧✐♠♦ ✈❡③❥❡ 7♣%❡♠❡♥✐2✐ 2❛❦♦✱ ❞❛ ❜♦ ➸❛%♥✐❝❛ 7✈❡2✐❧❛ ③ ♠♦↔❥♦ ✷✹✵ ♠❲✳ ◆❛%✐➨✐

7❤❡♠♦ ❡❧❡❦2%✐↔♥❡❣❛ ❦%♦❣❛ ③ ✈✐%♦♠✱ ➸❛%♥✐❝♦✱ ✉♣♦%♥✐❦♦♠ R1 ✐♥ ✉72%❡③♥♦ ✈❡③❛♥✐♠ ✉♣♦%♥✐❦♦♠

R✳ ❑♦❧✐❦➨❡♥ ♠♦%❛ ❜✐2✐ ✉♣♦% ✉♣♦%♥✐❦❛ R❄

❞✮ ❷❡ 2♦❦ 7❦♦③✐ ➸❛%♥✐❝♦ ♣%❡7❡➸❡ 90,0 ♠❆✱ ➸❛%♥✐❝❛ ♣%❡❣♦%✐✳ ❑♦❧✐❦➨♥❛ ❥❡ ♥❛❥✈❡↔❥❛ ♠♦↔✱ 7 ❦❛2❡%♦

➸❛%♥✐❝❛ 7✈❡2✐✱ ♣%❡❞❡♥ ♣%❡❣♦%✐❄

17



✸✳ "♦$%❡'✐ ❛❧✐ ♣♦❞③❡♠♥❡ ❡❦'♣❧♦③✐❥❡ ❣❡♥❡%✐%❛❥♦ ✈❛❧♦✈❛♥❥❡✱

❦✐ '❡ ➨✐%✐ '❦♦③✐ ❩❡♠❧❥♦ ✈ ♦❜❧✐❦✐ ❧♦♥❣✐$✉❞✐♥❛❧♥❡❣❛ ✐♥

$%❛♥'✈❡%③❛❧♥❡❣❛ ✈❛❧♦✈❛♥❥❛✳ ◆❛ ♠❡❥✐ ❞✈❡❤ '%❡❞'$❡✈ '❡

✈❛❧♦✈❛♥❥❡ ❧♦♠✐✳ ❱ ❞❡❜❡❧✐ ❣%❛♥✐$♥✐ ♣❧❛'$✐ ❥❡ ❛♣♥❡♥↔❛'$❛

$✈♦%❜❛ ✈ ♦❜❧✐❦✐ ✈❛❧❥❛ ' ♣♦❧♠❡%♦♠ a = 0,500 ❦♠ ✐♥

✈✐➨✐♥♦ 2a ❦♦$ ❦❛➸❡ ✈ ♣%❡↔♥❡♠ ♣%❡%❡③✉ '❧✐❦❛✳ ❩❣♦%♥❥❛

♣❧♦'❦❡✈ ❛♣♥❡♥↔❛'$❡❣❛ ✈❛❧❥❛ ❥❡ a ♣♦❞ ✈♦❞♦%❛✈♥✐♠ ♣♦✲

✈%➨❥❡♠✳ ■③ ➸❛%✐➨↔❛ ➨✐❜❦❡ ❡❦'♣❧♦③✐❥❡ ✈ '%❡❞✐➨↔✉ ✈❛❧❥❛ '❡

'❦♦③✐ ❛♣♥❡♥❡❝ ✈ ✈'❡ '♠❡%✐ ➨✐%✐ ❧❡ ❧♦♥❣✐$✉❞✐♥❛❧♥♦ ✈❛❧♦✈❛♥❥❡

' ❤✐$%♦'$❥♦ c = 4,50 ❦♠✴'✳ "♦✈%➨❥❡ ❩❡♠❧❥❡ ✈❛❧♦✈❛♥❥❡ ❞♦'❡➸❡ $❛❦♦✱ ❞❛ ✈❛❧❥ ③❛♣✉'$✐ ❜♦❞✐'✐ '❦♦③✐

③❣♦%♥❥♦ ♦'♥♦✈♥♦ ♣❧♦'❦❡✈ ❜♦❞✐'✐ '❦♦③✐ ♣❧❛➨↔ ✈❛❧❥❛✳ "%✐ ❧♦♠✉ ✐③ ❛♣♥❡♥❝❛ ✈ ❣%❛♥✐$ '❡ ❞❡❧ ✈❛❧♦✈❛♥❥❛

♣%❡$✈♦%✐ ✈ $%❛♥'✈❡%③❛❧♥♦ ✈❛❧♦✈❛♥❥❡✳ ❍✐$%♦'$ ❧♦♥❣✐$✉❞✐♥❛❧♥✐❤ ✈❛❧♦✈ ✈ ❣%❛♥✐$✉ ❥❡ cL = 5,50 ❦♠✴'✱

❤✐$%♦'$ $%❛♥'✈❡%③❛❧♥✐❤ ✈❛❧♦✈ ♣❛ cT = 3,30 ❦♠✴'✳ ❑❥❡ ♦♣❛③♦✈❛♥♦ ✈❛❧♦✈❛♥❥❡ ❞♦'❡➸❡ ♣♦✈%➨❥❡✱ ♦♣✐➨❡♠♦

③ %❛③❞❛❧❥♦ x✱ ❦✐ ❥♦ ♠❡%✐♠♦ ♦❞ $♦↔❦❡ ♥❛ ♣♦✈%➨❥✉ ❩❡♠❧❥❡ ♥❛✈♣✐↔♥♦ ♥❛❞ ➸❛%✐➨↔❡♠ ❡❦'♣❧♦③✐❥❡✳

▲❛❤❦♦ '❡ ③❣♦❞✐✱ ❞❛ ♣%✐ ♥❡❦❛$❡%✐❤ %❛③❞❛❧❥❛❤ ♣♦✈%➨❥❡ ❞♦'❡➸❡ ❧♦♥❣✐$✉❞✐♥❛❧♥♦ ❛❧✐ $%❛♥'✈❡%③❛❧♥♦

✈❛❧♦✈❛♥❥❡ ♥❛ ❞✈❛ ♥❛↔✐♥❛✿ ✈❛❧❥ ③❛♣✉'$✐ '❦♦③✐ ③❣♦%♥❥♦ ♦'♥♦✈♥♦ ♣❧♦'❦❡✈ ❛❧✐ '❦♦③✐ ♣❧❛➨↔✳ ❚❛❦❡ $♦↔❦❡

♥❛ ♣♦✈%➨❥✉ ✐♠❡♥✉❥♠♦ ❞✈♦❥♥❡✳ ❩❣♦❞✐ ♣❛ '❡ ❧❛❤❦♦ $✉❞✐✱ ❞❛ ♣%✐ ♥❡❦❛$❡%✐❤ %❛③❞❛❧❥❛❤ ♣♦✈%➨❥❛

$%❛♥'✈❡%③❛❧♥♦ ❛❧✐ ❧♦♥❣✐$✉❞✐♥❛❧♥♦ ✈❛❧♦✈❛♥❥❡ '♣❧♦❤ ♥❡ ❞♦'❡➸❡✳ ❚❛❦❡ $♦↔❦❡ ♥❛ ♣♦✈%➨❥✉ ✐♠❡♥✉❥♠♦

&❡♥↔♥❡✳

❛✮ "%❡✈❡%✐ ♦❜'$♦❥ ❞✈♦❥♥✐❤ ✐♥ '❡♥↔♥✐❤ $♦↔❦ ③❛ ❧♦♥❣✐$✉❞✐♥❛❧♥♦ ✈❛❧♦✈❛♥❥❡✳ ❷❡ ❡♥❡ ❛❧✐ ❞%✉❣❡ ♦❜'$❛✲

❥❛❥♦✱ ❞♦❧♦↔✐ ✉'$%❡③❡♥ ✐♥$❡%✈❛❧ %❛③❞❛❧❥ ✐♥ ③❛♣✐➨✐✱ ③❛ ❦❛$❡%❡ $♦↔❦❡ ❣%❡✳

❜✮ "%❡✈❡%✐ ♦❜'$♦❥ ❞✈♦❥♥✐❤ ✐♥ '❡♥↔♥✐❤ $♦↔❦ ③❛ $%❛♥'✈❡%③❛❧♥♦ ✈❛❧♦✈❛♥❥❡✳ ❷❡ ❡♥❡ ❛❧✐ ❞%✉❣❡ ♦❜'$❛❥❛❥♦✱

❞♦❧♦↔✐ ✉'$%❡③❡♥ ✐♥$❡%✈❛❧ %❛③❞❛❧❥ ✐♥ ③❛♣✐➨✐✱ ③❛ ❦❛$❡%❡ $♦↔❦❡ ❣%❡✳

❝✮ ❩❛ ♦❞❞❛❧❥❡♥❡ $♦↔❦❡ ✭ ✮ ✐③%❛③✐ %❛③❞❛❧❥♦ ③ %❛③❧✐❦♦ ✈ ↔❛'✉ ♣♦$♦✈❛♥❥❛ $%❛♥'✈❡%③❛❧♥✐❤

✐♥ ❧♦♥❣✐$✉❞✐♥❛❧♥✐❤ ✈❛❧♦✈✳ ❑♦❧✐❦➨♥❛ ❥❡ %❛③❞❛❧❥❛ ③❛ '❄

✹✳ "%✐ ♥❛❧♦❣✐ %❛↔✉♥❛♠♦ ♠❛❣♥❡$♥♦ ♣♦❧❥❡ ❦%♦➸❡↔❡❣❛ ♥❛❜♦❥❛ ✈ ③❛♥❦✐ ✐♥ ❝❡✈✐✳ ❱ '%❡❞✐➨↔✉ ❦%♦➸♥❡ ③❛♥❦❡

' ♣♦❧♠❡%♦♠ ✱ ♣♦ ❦❛$❡%✐ $❡↔❡ $♦❦ ✱ ❥❡ ✳

❛✮ ◆❛❜♦❥ ✱ ❦✐ ❦%♦➸✐ ♣♦ ❦%♦➸♥✐❝✐ ' ♣♦❧♠❡%♦♠ ✐♥ ❢%❡❦✈❡♥❝♦ ✱ ♣%❡❞'$❛✈❧❥❛ $♦❦♦✈♥♦ ③❛♥❦♦✳ ■③%❛③✐

$♦❦ ✈ ③❛♥❦✐ ✐♥ ♠❛❣♥❡$♥♦ ♣♦❧❥❡ ✈ '%❡❞✐➨↔✉ ❦%♦➸♥✐❝❡ ③ ✱ ✐♥ ✳

❜✮ ❚❛♥❦❛ ❝❡✈ ✐③ ✐③♦❧❛$♦%❥❛ ✈ ♦❜❧✐❦✐ ✈♦$❧❡❣❛ ✈❛❧❥❛ ' ♣♦❧♠❡%♦♠ ✵✱✺✷✹ ❝♠✱ ✈✐➨✐♥♦ ✾✱✸✷ ❝♠ ✐♥ ♠❛'♦

✶✶✱✺✸ ❣ ❥❡ ❤♦♠♦❣❡♥♦ ♥❛❜✐$❛ ③ ♥❛❜♦❥❡♠ ✵✱✸✹ ❆'✳ ❈❡✈ '❡ ♣♦ %❛✈♥✐ ♣♦❞❧❛❣✐ ❦♦$❛❧✐ ' ❤✐$%♦'$❥♦

✻✱✶ ♠✴'✳ ❑♦❧✐❦➨♥♦ ❥❡ ♠❛❣♥❡$♥♦ ♣♦❧❥❡ ✈ ❝❡✈✐❄ ❑♦❧✐❦➨♥❛ ❥❡ ♠❛❣♥❡$♥❛ ❡♥❡%❣✐❥❛ ❝❡✈✐❄

◆❛♠✐❣ ✿ ❈❡✈ ♦❜%❛✈♥❛✈❛❥ ❦♦$ ❞♦❧❣♦ %❛✈♥♦ $✉❧❥❛✈♦✳

❝✮ ❈❡✈ ♣%✐❞❡ ❞♦ ❦❧❛♥❝❛ ✐♥ '❡ ③❛❦♦$❛❧✐ ♣♦ ♥❥❡♠ ♥❛✈③❞♦❧✳ ❋✐③✐❦✱ ❦✐ ♥❡ ✈❡✱ ❞❛ ❥❡ ❝❡✈ ♥❛❜✐$❛✱ ♠❡%✐

✈✐➨✐♥♦ ❦❧❛♥❝❛ $❛❦♦✱ ❞❛ ✐③♠❡%✐ ❤✐$%♦'$ ❝❡✈✐ ♣%❡❞ ❦❧❛♥❝❡♠ ✐♥ ♣♦ ♥❥❡♠✳ ❑♦❧✐❦➨♥❛ ❜♦ %❡❧❛$✐✈♥❛

♥❛♣❛❦❛ ♥❥❡❣♦✈❡ ♠❡%✐$✈❡❄ ❈❡✈ '❡ ❦♦$❛❧✐ ❜%❡③ '♣♦❞%'❛✈❛♥❥❛✳

❝

✷✵✶✼ ❉▼❋❆ ❙❧♦✈❡♥✐❥❡✱ ❑♦♠✐4✐❥❛ ③❛ ♣♦♣✉❧❛9✐③❛❝✐❥♦ ✜③✐❦❡ ✈ 49❡❞♥❥✐ ➨♦❧✐

✸✳ "♦$%❡'✐ ❛❧✐ ♣♦❞③❡♠♥❡ ❡❦'♣❧♦③✐❥❡ ❣❡♥❡%✐%❛❥♦ ✈❛❧♦✈❛♥❥❡✱

❦✐ '❡ ➨✐%✐ '❦♦③✐ ❩❡♠❧❥♦ ✈ ♦❜❧✐❦✐ ❧♦♥❣✐$✉❞✐♥❛❧♥❡❣❛ ✐♥

$%❛♥'✈❡%③❛❧♥❡❣❛ ✈❛❧♦✈❛♥❥❛✳ ◆❛ ♠❡❥✐ ❞✈❡❤ '%❡❞'$❡✈ '❡

✈❛❧♦✈❛♥❥❡ ❧♦♠✐✳ ❱ ❞❡❜❡❧✐ ❣%❛♥✐$♥✐ ♣❧❛'$✐ ❥❡ ❛♣♥❡♥↔❛'$❛

$✈♦%❜❛ ✈ ♦❜❧✐❦✐ ✈❛❧❥❛ ' ♣♦❧♠❡%♦♠ ❦♠ ✐♥

✈✐➨✐♥♦ ❦♦$ ❦❛➸❡ ✈ ♣%❡↔♥❡♠ ♣%❡%❡③✉ '❧✐❦❛✳ ❩❣♦%♥❥❛

♣❧♦'❦❡✈ ❛♣♥❡♥↔❛'$❡❣❛ ✈❛❧❥❛ ❥❡ ♣♦❞ ✈♦❞♦%❛✈♥✐♠ ♣♦✲

✈%➨❥❡♠✳ ■③ ➸❛%✐➨↔❛ ➨✐❜❦❡ ❡❦'♣❧♦③✐❥❡ ✈ '%❡❞✐➨↔✉ ✈❛❧❥❛ '❡

'❦♦③✐ ❛♣♥❡♥❡❝ ✈ ✈'❡ '♠❡%✐ ➨✐%✐ ❧❡ ❧♦♥❣✐$✉❞✐♥❛❧♥♦ ✈❛❧♦✈❛♥❥❡

' ❤✐$%♦'$❥♦ ❦♠✴'✳ "♦✈%➨❥❡ ❩❡♠❧❥❡ ✈❛❧♦✈❛♥❥❡ ❞♦'❡➸❡ $❛❦♦✱ ❞❛ ✈❛❧❥ ③❛♣✉'$✐ ❜♦❞✐'✐ '❦♦③✐

③❣♦%♥❥♦ ♦'♥♦✈♥♦ ♣❧♦'❦❡✈ ❜♦❞✐'✐ '❦♦③✐ ♣❧❛➨↔ ✈❛❧❥❛✳ "%✐ ❧♦♠✉ ✐③ ❛♣♥❡♥❝❛ ✈ ❣%❛♥✐$ '❡ ❞❡❧ ✈❛❧♦✈❛♥❥❛

♣%❡$✈♦%✐ ✈ $%❛♥'✈❡%③❛❧♥♦ ✈❛❧♦✈❛♥❥❡✳ ❍✐$%♦'$ ❧♦♥❣✐$✉❞✐♥❛❧♥✐❤ ✈❛❧♦✈ ✈ ❣%❛♥✐$✉ ❥❡ ❦♠✴'✱

❤✐$%♦'$ $%❛♥'✈❡%③❛❧♥✐❤ ✈❛❧♦✈ ♣❛ ❦♠✴'✳ ❑❥❡ ♦♣❛③♦✈❛♥♦ ✈❛❧♦✈❛♥❥❡ ❞♦'❡➸❡ ♣♦✈%➨❥❡✱ ♦♣✐➨❡♠♦

③ %❛③❞❛❧❥♦ ✱ ❦✐ ❥♦ ♠❡%✐♠♦ ♦❞ $♦↔❦❡ ♥❛ ♣♦✈%➨❥✉ ❩❡♠❧❥❡ ♥❛✈♣✐↔♥♦ ♥❛❞ ➸❛%✐➨↔❡♠ ❡❦'♣❧♦③✐❥❡✳

▲❛❤❦♦ '❡ ③❣♦❞✐✱ ❞❛ ♣%✐ ♥❡❦❛$❡%✐❤ %❛③❞❛❧❥❛❤ x ♣♦✈%➨❥❡ ❞♦'❡➸❡ ❧♦♥❣✐$✉❞✐♥❛❧♥♦ ❛❧✐ $%❛♥'✈❡%③❛❧♥♦

✈❛❧♦✈❛♥❥❡ ♥❛ ❞✈❛ ♥❛↔✐♥❛✿ ✈❛❧❥ ③❛♣✉'$✐ '❦♦③✐ ③❣♦%♥❥♦ ♦'♥♦✈♥♦ ♣❧♦'❦❡✈ ❛❧✐ '❦♦③✐ ♣❧❛➨↔✳ ❚❛❦❡ $♦↔❦❡

♥❛ ♣♦✈%➨❥✉ ✐♠❡♥✉❥♠♦ ❞✈♦❥♥❡✳ ❩❣♦❞✐ ♣❛ '❡ ❧❛❤❦♦ $✉❞✐✱ ❞❛ ♣%✐ ♥❡❦❛$❡%✐❤ %❛③❞❛❧❥❛❤ x ♣♦✈%➨❥❛

$%❛♥'✈❡%③❛❧♥♦ ❛❧✐ ❧♦♥❣✐$✉❞✐♥❛❧♥♦ ✈❛❧♦✈❛♥❥❡ '♣❧♦❤ ♥❡ ❞♦'❡➸❡✳ ❚❛❦❡ $♦↔❦❡ ♥❛ ♣♦✈%➨❥✉ ✐♠❡♥✉❥♠♦

&❡♥↔♥❡✳

❛✮ "%❡✈❡%✐ ♦❜'$♦❥ ❞✈♦❥♥✐❤ ✐♥ '❡♥↔♥✐❤ $♦↔❦ ③❛ ❧♦♥❣✐$✉❞✐♥❛❧♥♦ ✈❛❧♦✈❛♥❥❡✳ ❷❡ ❡♥❡ ❛❧✐ ❞%✉❣❡ ♦❜'$❛✲

❥❛❥♦✱ ❞♦❧♦↔✐ ✉'$%❡③❡♥ ✐♥$❡%✈❛❧ %❛③❞❛❧❥ ✐♥ ③❛♣✐➨✐✱ ③❛ ❦❛$❡%❡ $♦↔❦❡ ❣%❡✳

❜✮ "%❡✈❡%✐ ♦❜'$♦❥ ❞✈♦❥♥✐❤ ✐♥ '❡♥↔♥✐❤ $♦↔❦ ③❛ $%❛♥'✈❡%③❛❧♥♦ ✈❛❧♦✈❛♥❥❡✳ ❷❡ ❡♥❡ ❛❧✐ ❞%✉❣❡ ♦❜'$❛❥❛❥♦✱

❞♦❧♦↔✐ ✉'$%❡③❡♥ ✐♥$❡%✈❛❧ %❛③❞❛❧❥ ✐♥ ③❛♣✐➨✐✱ ③❛ ❦❛$❡%❡ $♦↔❦❡ ❣%❡✳

❝✮ ❩❛ ♦❞❞❛❧❥❡♥❡ $♦↔❦❡ ✭ ✮ ✐③%❛③✐ %❛③❞❛❧❥♦ ③ %❛③❧✐❦♦ ✈ ↔❛'✉ ♣♦$♦✈❛♥❥❛ $%❛♥'✈❡%③❛❧♥✐❤

✐♥ ❧♦♥❣✐$✉❞✐♥❛❧♥✐❤ ✈❛❧♦✈✳ ❑♦❧✐❦➨♥❛ ❥❡ %❛③❞❛❧❥❛ ③❛ '❄

✹✳ "%✐ ♥❛❧♦❣✐ %❛↔✉♥❛♠♦ ♠❛❣♥❡$♥♦ ♣♦❧❥❡ ❦%♦➸❡↔❡❣❛ ♥❛❜♦❥❛ ✈ ③❛♥❦✐ ✐♥ ❝❡✈✐✳ ❱ '%❡❞✐➨↔✉ ❦%♦➸♥❡ ③❛♥❦❡

' ♣♦❧♠❡%♦♠ ✱ ♣♦ ❦❛$❡%✐ $❡↔❡ $♦❦ ✱ ❥❡ ✳

❛✮ ◆❛❜♦❥ ✱ ❦✐ ❦%♦➸✐ ♣♦ ❦%♦➸♥✐❝✐ ' ♣♦❧♠❡%♦♠ ✐♥ ❢%❡❦✈❡♥❝♦ ✱ ♣%❡❞'$❛✈❧❥❛ $♦❦♦✈♥♦ ③❛♥❦♦✳ ■③%❛③✐

$♦❦ ✈ ③❛♥❦✐ ✐♥ ♠❛❣♥❡$♥♦ ♣♦❧❥❡ ✈ '%❡❞✐➨↔✉ ❦%♦➸♥✐❝❡ ③ ✱ ✐♥ ✳

❜✮ ❚❛♥❦❛ ❝❡✈ ✐③ ✐③♦❧❛$♦%❥❛ ✈ ♦❜❧✐❦✐ ✈♦$❧❡❣❛ ✈❛❧❥❛ ' ♣♦❧♠❡%♦♠ ✵✱✺✷✹ ❝♠✱ ✈✐➨✐♥♦ ✾✱✸✷ ❝♠ ✐♥ ♠❛'♦

✶✶✱✺✸ ❣ ❥❡ ❤♦♠♦❣❡♥♦ ♥❛❜✐$❛ ③ ♥❛❜♦❥❡♠ ✵✱✸✹ ❆'✳ ❈❡✈ '❡ ♣♦ %❛✈♥✐ ♣♦❞❧❛❣✐ ❦♦$❛❧✐ ' ❤✐$%♦'$❥♦

✻✱✶ ♠✴'✳ ❑♦❧✐❦➨♥♦ ❥❡ ♠❛❣♥❡$♥♦ ♣♦❧❥❡ ✈ ❝❡✈✐❄ ❑♦❧✐❦➨♥❛ ❥❡ ♠❛❣♥❡$♥❛ ❡♥❡%❣✐❥❛ ❝❡✈✐❄

◆❛♠✐❣ ✿ ❈❡✈ ♦❜%❛✈♥❛✈❛❥ ❦♦$ ❞♦❧❣♦ %❛✈♥♦ $✉❧❥❛✈♦✳

❝✮ ❈❡✈ ♣%✐❞❡ ❞♦ ❦❧❛♥❝❛ ✐♥ '❡ ③❛❦♦$❛❧✐ ♣♦ ♥❥❡♠ ♥❛✈③❞♦❧✳ ❋✐③✐❦✱ ❦✐ ♥❡ ✈❡✱ ❞❛ ❥❡ ❝❡✈ ♥❛❜✐$❛✱ ♠❡%✐

✈✐➨✐♥♦ ❦❧❛♥❝❛ $❛❦♦✱ ❞❛ ✐③♠❡%✐ ❤✐$%♦'$ ❝❡✈✐ ♣%❡❞ ❦❧❛♥❝❡♠ ✐♥ ♣♦ ♥❥❡♠✳ ❑♦❧✐❦➨♥❛ ❜♦ %❡❧❛$✐✈♥❛

♥❛♣❛❦❛ ♥❥❡❣♦✈❡ ♠❡%✐$✈❡❄ ❈❡✈ '❡ ❦♦$❛❧✐ ❜%❡③ '♣♦❞%'❛✈❛♥❥❛✳

❝

✷✵✶✼ ❉▼❋❆ ❙❧♦✈❡♥✐❥❡✱ ❑♦♠✐4✐❥❛ ③❛ ♣♦♣✉❧❛9✐③❛❝✐❥♦ ✜③✐❦❡ ✈ 49❡❞♥❥✐ ➨♦❧✐

✸✳ "♦$%❡'✐ ❛❧✐ ♣♦❞③❡♠♥❡ ❡❦'♣❧♦③✐❥❡ ❣❡♥❡%✐%❛❥♦ ✈❛❧♦✈❛♥❥❡✱

❦✐ '❡ ➨✐%✐ '❦♦③✐ ❩❡♠❧❥♦ ✈ ♦❜❧✐❦✐ ❧♦♥❣✐$✉❞✐♥❛❧♥❡❣❛ ✐♥

$%❛♥'✈❡%③❛❧♥❡❣❛ ✈❛❧♦✈❛♥❥❛✳ ◆❛ ♠❡❥✐ ❞✈❡❤ '%❡❞'$❡✈ '❡

✈❛❧♦✈❛♥❥❡ ❧♦♠✐✳ ❱ ❞❡❜❡❧✐ ❣%❛♥✐$♥✐ ♣❧❛'$✐ ❥❡ ❛♣♥❡♥↔❛'$❛

$✈♦%❜❛ ✈ ♦❜❧✐❦✐ ✈❛❧❥❛ ' ♣♦❧♠❡%♦♠ ❦♠ ✐♥

✈✐➨✐♥♦ ❦♦$ ❦❛➸❡ ✈ ♣%❡↔♥❡♠ ♣%❡%❡③✉ '❧✐❦❛✳ ❩❣♦%♥❥❛

♣❧♦'❦❡✈ ❛♣♥❡♥↔❛'$❡❣❛ ✈❛❧❥❛ ❥❡ ♣♦❞ ✈♦❞♦%❛✈♥✐♠ ♣♦✲

✈%➨❥❡♠✳ ■③ ➸❛%✐➨↔❛ ➨✐❜❦❡ ❡❦'♣❧♦③✐❥❡ ✈ '%❡❞✐➨↔✉ ✈❛❧❥❛ '❡

'❦♦③✐ ❛♣♥❡♥❡❝ ✈ ✈'❡ '♠❡%✐ ➨✐%✐ ❧❡ ❧♦♥❣✐$✉❞✐♥❛❧♥♦ ✈❛❧♦✈❛♥❥❡

' ❤✐$%♦'$❥♦ ❦♠✴'✳ "♦✈%➨❥❡ ❩❡♠❧❥❡ ✈❛❧♦✈❛♥❥❡ ❞♦'❡➸❡ $❛❦♦✱ ❞❛ ✈❛❧❥ ③❛♣✉'$✐ ❜♦❞✐'✐ '❦♦③✐

③❣♦%♥❥♦ ♦'♥♦✈♥♦ ♣❧♦'❦❡✈ ❜♦❞✐'✐ '❦♦③✐ ♣❧❛➨↔ ✈❛❧❥❛✳ "%✐ ❧♦♠✉ ✐③ ❛♣♥❡♥❝❛ ✈ ❣%❛♥✐$ '❡ ❞❡❧ ✈❛❧♦✈❛♥❥❛

♣%❡$✈♦%✐ ✈ $%❛♥'✈❡%③❛❧♥♦ ✈❛❧♦✈❛♥❥❡✳ ❍✐$%♦'$ ❧♦♥❣✐$✉❞✐♥❛❧♥✐❤ ✈❛❧♦✈ ✈ ❣%❛♥✐$✉ ❥❡ ❦♠✴'✱

❤✐$%♦'$ $%❛♥'✈❡%③❛❧♥✐❤ ✈❛❧♦✈ ♣❛ ❦♠✴'✳ ❑❥❡ ♦♣❛③♦✈❛♥♦ ✈❛❧♦✈❛♥❥❡ ❞♦'❡➸❡ ♣♦✈%➨❥❡✱ ♦♣✐➨❡♠♦

③ %❛③❞❛❧❥♦ ✱ ❦✐ ❥♦ ♠❡%✐♠♦ ♦❞ $♦↔❦❡ ♥❛ ♣♦✈%➨❥✉ ❩❡♠❧❥❡ ♥❛✈♣✐↔♥♦ ♥❛❞ ➸❛%✐➨↔❡♠ ❡❦'♣❧♦③✐❥❡✳

▲❛❤❦♦ '❡ ③❣♦❞✐✱ ❞❛ ♣%✐ ♥❡❦❛$❡%✐❤ %❛③❞❛❧❥❛❤ ♣♦✈%➨❥❡ ❞♦'❡➸❡ ❧♦♥❣✐$✉❞✐♥❛❧♥♦ ❛❧✐ $%❛♥'✈❡%③❛❧♥♦

✈❛❧♦✈❛♥❥❡ ♥❛ ❞✈❛ ♥❛↔✐♥❛✿ ✈❛❧❥ ③❛♣✉'$✐ '❦♦③✐ ③❣♦%♥❥♦ ♦'♥♦✈♥♦ ♣❧♦'❦❡✈ ❛❧✐ '❦♦③✐ ♣❧❛➨↔✳ ❚❛❦❡ $♦↔❦❡

♥❛ ♣♦✈%➨❥✉ ✐♠❡♥✉❥♠♦ ❞✈♦❥♥❡✳ ❩❣♦❞✐ ♣❛ '❡ ❧❛❤❦♦ $✉❞✐✱ ❞❛ ♣%✐ ♥❡❦❛$❡%✐❤ %❛③❞❛❧❥❛❤ ♣♦✈%➨❥❛

$%❛♥'✈❡%③❛❧♥♦ ❛❧✐ ❧♦♥❣✐$✉❞✐♥❛❧♥♦ ✈❛❧♦✈❛♥❥❡ '♣❧♦❤ ♥❡ ❞♦'❡➸❡✳ ❚❛❦❡ $♦↔❦❡ ♥❛ ♣♦✈%➨❥✉ ✐♠❡♥✉❥♠♦

&❡♥↔♥❡✳

❛✮ "%❡✈❡%✐ ♦❜'$♦❥ ❞✈♦❥♥✐❤ ✐♥ '❡♥↔♥✐❤ $♦↔❦ ③❛ ❧♦♥❣✐$✉❞✐♥❛❧♥♦ ✈❛❧♦✈❛♥❥❡✳ ❷❡ ❡♥❡ ❛❧✐ ❞%✉❣❡ ♦❜'$❛✲

❥❛❥♦✱ ❞♦❧♦↔✐ ✉'$%❡③❡♥ ✐♥$❡%✈❛❧ %❛③❞❛❧❥ x ✐♥ ③❛♣✐➨✐✱ ③❛ ❦❛$❡%❡ $♦↔❦❡ ❣%❡✳

❜✮ "%❡✈❡%✐ ♦❜'$♦❥ ❞✈♦❥♥✐❤ ✐♥ '❡♥↔♥✐❤ $♦↔❦ ③❛ $%❛♥'✈❡%③❛❧♥♦ ✈❛❧♦✈❛♥❥❡✳ ❷❡ ❡♥❡ ❛❧✐ ❞%✉❣❡ ♦❜'$❛❥❛❥♦✱

❞♦❧♦↔✐ ✉'$%❡③❡♥ ✐♥$❡%✈❛❧ %❛③❞❛❧❥ x ✐♥ ③❛♣✐➨✐✱ ③❛ ❦❛$❡%❡ $♦↔❦❡ ❣%❡✳

❝✮ ❩❛ ♦❞❞❛❧❥❡♥❡ $♦↔❦❡ ✭x ≫ a✮ ✐③%❛③✐ %❛③❞❛❧❥♦ x ③ %❛③❧✐❦♦ ✈ ↔❛'✉ ∆t ♣♦$♦✈❛♥❥❛ $%❛♥'✈❡%③❛❧♥✐❤

✐♥ ❧♦♥❣✐$✉❞✐♥❛❧♥✐❤ ✈❛❧♦✈✳ ❑♦❧✐❦➨♥❛ ❥❡ %❛③❞❛❧❥❛ x ③❛ ∆t = 6,00 '❄

✹✳ "%✐ ♥❛❧♦❣✐ %❛↔✉♥❛♠♦ ♠❛❣♥❡$♥♦ ♣♦❧❥❡ ❦%♦➸❡↔❡❣❛ ♥❛❜♦❥❛ ✈ ③❛♥❦✐ ✐♥ ❝❡✈✐✳ ❱ '%❡❞✐➨↔✉ ❦%♦➸♥❡ ③❛♥❦❡

' ♣♦❧♠❡%♦♠ ✱ ♣♦ ❦❛$❡%✐ $❡↔❡ $♦❦ ✱ ❥❡ ✳

❛✮ ◆❛❜♦❥ ✱ ❦✐ ❦%♦➸✐ ♣♦ ❦%♦➸♥✐❝✐ ' ♣♦❧♠❡%♦♠ ✐♥ ❢%❡❦✈❡♥❝♦ ✱ ♣%❡❞'$❛✈❧❥❛ $♦❦♦✈♥♦ ③❛♥❦♦✳ ■③%❛③✐

$♦❦ ✈ ③❛♥❦✐ ✐♥ ♠❛❣♥❡$♥♦ ♣♦❧❥❡ ✈ '%❡❞✐➨↔✉ ❦%♦➸♥✐❝❡ ③ ✱ ✐♥ ✳

❜✮ ❚❛♥❦❛ ❝❡✈ ✐③ ✐③♦❧❛$♦%❥❛ ✈ ♦❜❧✐❦✐ ✈♦$❧❡❣❛ ✈❛❧❥❛ ' ♣♦❧♠❡%♦♠ ✵✱✺✷✹ ❝♠✱ ✈✐➨✐♥♦ ✾✱✸✷ ❝♠ ✐♥ ♠❛'♦

✶✶✱✺✸ ❣ ❥❡ ❤♦♠♦❣❡♥♦ ♥❛❜✐$❛ ③ ♥❛❜♦❥❡♠ ✵✱✸✹ ❆'✳ ❈❡✈ '❡ ♣♦ %❛✈♥✐ ♣♦❞❧❛❣✐ ❦♦$❛❧✐ ' ❤✐$%♦'$❥♦

✻✱✶ ♠✴'✳ ❑♦❧✐❦➨♥♦ ❥❡ ♠❛❣♥❡$♥♦ ♣♦❧❥❡ ✈ ❝❡✈✐❄ ❑♦❧✐❦➨♥❛ ❥❡ ♠❛❣♥❡$♥❛ ❡♥❡%❣✐❥❛ ❝❡✈✐❄

◆❛♠✐❣ ✿ ❈❡✈ ♦❜%❛✈♥❛✈❛❥ ❦♦$ ❞♦❧❣♦ %❛✈♥♦ $✉❧❥❛✈♦✳

❝✮ ❈❡✈ ♣%✐❞❡ ❞♦ ❦❧❛♥❝❛ ✐♥ '❡ ③❛❦♦$❛❧✐ ♣♦ ♥❥❡♠ ♥❛✈③❞♦❧✳ ❋✐③✐❦✱ ❦✐ ♥❡ ✈❡✱ ❞❛ ❥❡ ❝❡✈ ♥❛❜✐$❛✱ ♠❡%✐

✈✐➨✐♥♦ ❦❧❛♥❝❛ $❛❦♦✱ ❞❛ ✐③♠❡%✐ ❤✐$%♦'$ ❝❡✈✐ ♣%❡❞ ❦❧❛♥❝❡♠ ✐♥ ♣♦ ♥❥❡♠✳ ❑♦❧✐❦➨♥❛ ❜♦ %❡❧❛$✐✈♥❛

♥❛♣❛❦❛ ♥❥❡❣♦✈❡ ♠❡%✐$✈❡❄ ❈❡✈ '❡ ❦♦$❛❧✐ ❜%❡③ '♣♦❞%'❛✈❛♥❥❛✳

❝

✷✵✶✼ ❉▼❋❆ ❙❧♦✈❡♥✐❥❡✱ ❑♦♠✐4✐❥❛ ③❛ ♣♦♣✉❧❛9✐③❛❝✐❥♦ ✜③✐❦❡ ✈ 49❡❞♥❥✐ ➨♦❧✐

✸✳ "♦$%❡'✐ ❛❧✐ ♣♦❞③❡♠♥❡ ❡❦'♣❧♦③✐❥❡ ❣❡♥❡%✐%❛❥♦ ✈❛❧♦✈❛♥❥❡✱

❦✐ '❡ ➨✐%✐ '❦♦③✐ ❩❡♠❧❥♦ ✈ ♦❜❧✐❦✐ ❧♦♥❣✐$✉❞✐♥❛❧♥❡❣❛ ✐♥

$%❛♥'✈❡%③❛❧♥❡❣❛ ✈❛❧♦✈❛♥❥❛✳ ◆❛ ♠❡❥✐ ❞✈❡❤ '%❡❞'$❡✈ '❡

✈❛❧♦✈❛♥❥❡ ❧♦♠✐✳ ❱ ❞❡❜❡❧✐ ❣%❛♥✐$♥✐ ♣❧❛'$✐ ❥❡ ❛♣♥❡♥↔❛'$❛

$✈♦%❜❛ ✈ ♦❜❧✐❦✐ ✈❛❧❥❛ ' ♣♦❧♠❡%♦♠ ❦♠ ✐♥

✈✐➨✐♥♦ ❦♦$ ❦❛➸❡ ✈ ♣%❡↔♥❡♠ ♣%❡%❡③✉ '❧✐❦❛✳ ❩❣♦%♥❥❛

♣❧♦'❦❡✈ ❛♣♥❡♥↔❛'$❡❣❛ ✈❛❧❥❛ ❥❡ ♣♦❞ ✈♦❞♦%❛✈♥✐♠ ♣♦✲

✈%➨❥❡♠✳ ■③ ➸❛%✐➨↔❛ ➨✐❜❦❡ ❡❦'♣❧♦③✐❥❡ ✈ '%❡❞✐➨↔✉ ✈❛❧❥❛ '❡

'❦♦③✐ ❛♣♥❡♥❡❝ ✈ ✈'❡ '♠❡%✐ ➨✐%✐ ❧❡ ❧♦♥❣✐$✉❞✐♥❛❧♥♦ ✈❛❧♦✈❛♥❥❡

' ❤✐$%♦'$❥♦ ❦♠✴'✳ "♦✈%➨❥❡ ❩❡♠❧❥❡ ✈❛❧♦✈❛♥❥❡ ❞♦'❡➸❡ $❛❦♦✱ ❞❛ ✈❛❧❥ ③❛♣✉'$✐ ❜♦❞✐'✐ '❦♦③✐

③❣♦%♥❥♦ ♦'♥♦✈♥♦ ♣❧♦'❦❡✈ ❜♦❞✐'✐ '❦♦③✐ ♣❧❛➨↔ ✈❛❧❥❛✳ "%✐ ❧♦♠✉ ✐③ ❛♣♥❡♥❝❛ ✈ ❣%❛♥✐$ '❡ ❞❡❧ ✈❛❧♦✈❛♥❥❛

♣%❡$✈♦%✐ ✈ $%❛♥'✈❡%③❛❧♥♦ ✈❛❧♦✈❛♥❥❡✳ ❍✐$%♦'$ ❧♦♥❣✐$✉❞✐♥❛❧♥✐❤ ✈❛❧♦✈ ✈ ❣%❛♥✐$✉ ❥❡ ❦♠✴'✱

❤✐$%♦'$ $%❛♥'✈❡%③❛❧♥✐❤ ✈❛❧♦✈ ♣❛ ❦♠✴'✳ ❑❥❡ ♦♣❛③♦✈❛♥♦ ✈❛❧♦✈❛♥❥❡ ❞♦'❡➸❡ ♣♦✈%➨❥❡✱ ♦♣✐➨❡♠♦

③ %❛③❞❛❧❥♦ ✱ ❦✐ ❥♦ ♠❡%✐♠♦ ♦❞ $♦↔❦❡ ♥❛ ♣♦✈%➨❥✉ ❩❡♠❧❥❡ ♥❛✈♣✐↔♥♦ ♥❛❞ ➸❛%✐➨↔❡♠ ❡❦'♣❧♦③✐❥❡✳

▲❛❤❦♦ '❡ ③❣♦❞✐✱ ❞❛ ♣%✐ ♥❡❦❛$❡%✐❤ %❛③❞❛❧❥❛❤ ♣♦✈%➨❥❡ ❞♦'❡➸❡ ❧♦♥❣✐$✉❞✐♥❛❧♥♦ ❛❧✐ $%❛♥'✈❡%③❛❧♥♦

✈❛❧♦✈❛♥❥❡ ♥❛ ❞✈❛ ♥❛↔✐♥❛✿ ✈❛❧❥ ③❛♣✉'$✐ '❦♦③✐ ③❣♦%♥❥♦ ♦'♥♦✈♥♦ ♣❧♦'❦❡✈ ❛❧✐ '❦♦③✐ ♣❧❛➨↔✳ ❚❛❦❡ $♦↔❦❡

♥❛ ♣♦✈%➨❥✉ ✐♠❡♥✉❥♠♦ ❞✈♦❥♥❡✳ ❩❣♦❞✐ ♣❛ '❡ ❧❛❤❦♦ $✉❞✐✱ ❞❛ ♣%✐ ♥❡❦❛$❡%✐❤ %❛③❞❛❧❥❛❤ ♣♦✈%➨❥❛

$%❛♥'✈❡%③❛❧♥♦ ❛❧✐ ❧♦♥❣✐$✉❞✐♥❛❧♥♦ ✈❛❧♦✈❛♥❥❡ '♣❧♦❤ ♥❡ ❞♦'❡➸❡✳ ❚❛❦❡ $♦↔❦❡ ♥❛ ♣♦✈%➨❥✉ ✐♠❡♥✉❥♠♦

&❡♥↔♥❡✳

❛✮ "%❡✈❡%✐ ♦❜'$♦❥ ❞✈♦❥♥✐❤ ✐♥ '❡♥↔♥✐❤ $♦↔❦ ③❛ ❧♦♥❣✐$✉❞✐♥❛❧♥♦ ✈❛❧♦✈❛♥❥❡✳ ❷❡ ❡♥❡ ❛❧✐ ❞%✉❣❡ ♦❜'$❛✲

❥❛❥♦✱ ❞♦❧♦↔✐ ✉'$%❡③❡♥ ✐♥$❡%✈❛❧ %❛③❞❛❧❥ ✐♥ ③❛♣✐➨✐✱ ③❛ ❦❛$❡%❡ $♦↔❦❡ ❣%❡✳

❜✮ "%❡✈❡%✐ ♦❜'$♦❥ ❞✈♦❥♥✐❤ ✐♥ '❡♥↔♥✐❤ $♦↔❦ ③❛ $%❛♥'✈❡%③❛❧♥♦ ✈❛❧♦✈❛♥❥❡✳ ❷❡ ❡♥❡ ❛❧✐ ❞%✉❣❡ ♦❜'$❛❥❛❥♦✱

❞♦❧♦↔✐ ✉'$%❡③❡♥ ✐♥$❡%✈❛❧ %❛③❞❛❧❥ ✐♥ ③❛♣✐➨✐✱ ③❛ ❦❛$❡%❡ $♦↔❦❡ ❣%❡✳

❝✮ ❩❛ ♦❞❞❛❧❥❡♥❡ $♦↔❦❡ ✭ ✮ ✐③%❛③✐ %❛③❞❛❧❥♦ ③ %❛③❧✐❦♦ ✈ ↔❛'✉ ♣♦$♦✈❛♥❥❛ $%❛♥'✈❡%③❛❧♥✐❤

✐♥ ❧♦♥❣✐$✉❞✐♥❛❧♥✐❤ ✈❛❧♦✈✳ ❑♦❧✐❦➨♥❛ ❥❡ %❛③❞❛❧❥❛ ③❛ '❄

✹✳ "%✐ ♥❛❧♦❣✐ %❛↔✉♥❛♠♦ ♠❛❣♥❡$♥♦ ♣♦❧❥❡ ❦%♦➸❡↔❡❣❛ ♥❛❜♦❥❛ ✈ ③❛♥❦✐ ✐♥ ❝❡✈✐✳ ❱ '%❡❞✐➨↔✉ ❦%♦➸♥❡ ③❛♥❦❡

' ♣♦❧♠❡%♦♠ r✱ ♣♦ ❦❛$❡%✐ $❡↔❡ $♦❦ I✱ ❥❡ B = µ0I/2r✳

❛✮ ◆❛❜♦❥ ✱ ❦✐ ❦%♦➸✐ ♣♦ ❦%♦➸♥✐❝✐ ' ♣♦❧♠❡%♦♠ ✐♥ ❢%❡❦✈❡♥❝♦ ✱ ♣%❡❞'$❛✈❧❥❛ $♦❦♦✈♥♦ ③❛♥❦♦✳ ■③%❛③✐

$♦❦ ✈ ③❛♥❦✐ ✐♥ ♠❛❣♥❡$♥♦ ♣♦❧❥❡ ✈ '%❡❞✐➨↔✉ ❦%♦➸♥✐❝❡ ③ ✱ ✐♥ ✳

❜✮ ❚❛♥❦❛ ❝❡✈ ✐③ ✐③♦❧❛$♦%❥❛ ✈ ♦❜❧✐❦✐ ✈♦$❧❡❣❛ ✈❛❧❥❛ ' ♣♦❧♠❡%♦♠ ✵✱✺✷✹ ❝♠✱ ✈✐➨✐♥♦ ✾✱✸✷ ❝♠ ✐♥ ♠❛'♦

✶✶✱✺✸ ❣ ❥❡ ❤♦♠♦❣❡♥♦ ♥❛❜✐$❛ ③ ♥❛❜♦❥❡♠ ✵✱✸✹ ❆'✳ ❈❡✈ '❡ ♣♦ %❛✈♥✐ ♣♦❞❧❛❣✐ ❦♦$❛❧✐ ' ❤✐$%♦'$❥♦

✻✱✶ ♠✴'✳ ❑♦❧✐❦➨♥♦ ❥❡ ♠❛❣♥❡$♥♦ ♣♦❧❥❡ ✈ ❝❡✈✐❄ ❑♦❧✐❦➨♥❛ ❥❡ ♠❛❣♥❡$♥❛ ❡♥❡%❣✐❥❛ ❝❡✈✐❄

◆❛♠✐❣ ✿ ❈❡✈ ♦❜%❛✈♥❛✈❛❥ ❦♦$ ❞♦❧❣♦ %❛✈♥♦ $✉❧❥❛✈♦✳

❝✮ ❈❡✈ ♣%✐❞❡ ❞♦ ❦❧❛♥❝❛ ✐♥ '❡ ③❛❦♦$❛❧✐ ♣♦ ♥❥❡♠ ♥❛✈③❞♦❧✳ ❋✐③✐❦✱ ❦✐ ♥❡ ✈❡✱ ❞❛ ❥❡ ❝❡✈ ♥❛❜✐$❛✱ ♠❡%✐

✈✐➨✐♥♦ ❦❧❛♥❝❛ $❛❦♦✱ ❞❛ ✐③♠❡%✐ ❤✐$%♦'$ ❝❡✈✐ ♣%❡❞ ❦❧❛♥❝❡♠ ✐♥ ♣♦ ♥❥❡♠✳ ❑♦❧✐❦➨♥❛ ❜♦ %❡❧❛$✐✈♥❛

♥❛♣❛❦❛ ♥❥❡❣♦✈❡ ♠❡%✐$✈❡❄ ❈❡✈ '❡ ❦♦$❛❧✐ ❜%❡③ '♣♦❞%'❛✈❛♥❥❛✳

❝

✷✵✶✼ ❉▼❋❆ ❙❧♦✈❡♥✐❥❡✱ ❑♦♠✐4✐❥❛ ③❛ ♣♦♣✉❧❛9✐③❛❝✐❥♦ ✜③✐❦❡ ✈ 49❡❞♥❥✐ ➨♦❧✐

✸✳ "♦$%❡'✐ ❛❧✐ ♣♦❞③❡♠♥❡ ❡❦'♣❧♦③✐❥❡ ❣❡♥❡%✐%❛❥♦ ✈❛❧♦✈❛♥❥❡✱

❦✐ '❡ ➨✐%✐ '❦♦③✐ ❩❡♠❧❥♦ ✈ ♦❜❧✐❦✐ ❧♦♥❣✐$✉❞✐♥❛❧♥❡❣❛ ✐♥

$%❛♥'✈❡%③❛❧♥❡❣❛ ✈❛❧♦✈❛♥❥❛✳ ◆❛ ♠❡❥✐ ❞✈❡❤ '%❡❞'$❡✈ '❡

✈❛❧♦✈❛♥❥❡ ❧♦♠✐✳ ❱ ❞❡❜❡❧✐ ❣%❛♥✐$♥✐ ♣❧❛'$✐ ❥❡ ❛♣♥❡♥↔❛'$❛

$✈♦%❜❛ ✈ ♦❜❧✐❦✐ ✈❛❧❥❛ ' ♣♦❧♠❡%♦♠ ❦♠ ✐♥

✈✐➨✐♥♦ ❦♦$ ❦❛➸❡ ✈ ♣%❡↔♥❡♠ ♣%❡%❡③✉ '❧✐❦❛✳ ❩❣♦%♥❥❛

♣❧♦'❦❡✈ ❛♣♥❡♥↔❛'$❡❣❛ ✈❛❧❥❛ ❥❡ ♣♦❞ ✈♦❞♦%❛✈♥✐♠ ♣♦✲

✈%➨❥❡♠✳ ■③ ➸❛%✐➨↔❛ ➨✐❜❦❡ ❡❦'♣❧♦③✐❥❡ ✈ '%❡❞✐➨↔✉ ✈❛❧❥❛ '❡

'❦♦③✐ ❛♣♥❡♥❡❝ ✈ ✈'❡ '♠❡%✐ ➨✐%✐ ❧❡ ❧♦♥❣✐$✉❞✐♥❛❧♥♦ ✈❛❧♦✈❛♥❥❡

' ❤✐$%♦'$❥♦ ❦♠✴'✳ "♦✈%➨❥❡ ❩❡♠❧❥❡ ✈❛❧♦✈❛♥❥❡ ❞♦'❡➸❡ $❛❦♦✱ ❞❛ ✈❛❧❥ ③❛♣✉'$✐ ❜♦❞✐'✐ '❦♦③✐
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Rešitve tekmovanja iz fizike za zlato Stefanovo priznanje – državno

tekmovanje

Rešitve nalog za 8. razred

49◦

49◦

2R = 10,0

h = 4,3

49◦ 49◦

R = 5,0

4,3

ϕ 90◦ F

F (ϕ)

3 · a = 24

3 · a

a

a

2 · b = 23

2 · b

b

b
2

a

3 · a = 24

3 · c = 21

a

a

SA = a2 = 64 2 SB = 1

2
b2 = 66 2 SC = 1

2
a · c = 56 2

x x

v > 0 t = 0 x < 0 x(t = 0) = x0 < 0

∆l l ∆l
l

F
S 2 =

E

E

R = 30 = 0,30 V0 = 4,19·R3 = 4,19·(0,3 )3 = 0,113 3

V1 5 V0 V1 = 0,95 ·V0 = 0,107 3

p V p · V = k

p0 = 1,06 V0 = 0,38 3

k = p0 · V0 = 1,06 · 0,113 3 = 1,06 · 105 · 0,113 3 = 11,7 · 103 · 3 = 0,117 · 3 .

V1 = 0,107 3

p1

k = p1 · V1 .

19



·

2 · r = 3,0 1 : 10
2 · rJ = 30 rJ = 15

= 0,15
S = 3,14 · r2J = 3,14 · (0,15 )2 = 0,071 2

~Fg
~Ft

~Fg + ~Ft = 0 Ft = Fg

S = 0,071 2

p1
p0

F1 = p1 · S F0 = p0 · S

~Ft
~F0+ ~F1+ ~Ft = 0

F1 = F0 + Ft

Ft = Fg = F1 − F0 = p1 · S − p0 · S = (p1 − p0) · S = (1,12 − 1 ) · 0,071 2 =

= 0,12 · 0,071 2 = 12 000 · 0,071 2 = 852 .

85,2

p2
r1 = 2

3
rJ = 10 S1 = 3,14 ·

(0,1 )2 = 0,0314 2

Ft = Fg = (p2 − p0) · S1 .

∆p = p2 − p0

∆p =
Fg

S1

=
852

0,0314 2
= 27 134 ≈ 0,27 .

p2 = p0 +∆p = 1,27

R30 30◦ R30

R30

RZ = 6373
R = 2,0 2 :

6373 = 1 : 318 650 000

20



RZ = 6373

oE = op = 6,28 · RZ = 6,28 · 6373 = 40 022 ≈ 40 000 .

2 ·R30 = 3,5
± 0,2 R30 = 1,75 ± 0,1

R′

30

R′

30 = 1,75 · 318 650 000 = 557 637 500 ≈ 5576 .

o30 = 6,28 · R′

30 = 6,28 · 5576 ≈ 35 000 .

vP = 20 t1 = 45 sP,45 = vP · t1 =
900 dcpE

oE = 40 000 24

dcpE =
oE

24
=

40 000

24
= 1667 .

dcpE = 900 1 =1667

900
= 1,852 = 1852

oE = 40 000 = 24 ·900 = 21 600

1 =
40 000

21 600
= 1,852 .

t1

dcp30 =
o30

24
=

35 000

24
= 1458 .

vM =
dcp30

t1
=

1458

45
= 32,4 =

32,4

1,852
·
1,852

= 17,5
1,852

= 17,5 .

t2
sP = oE sM = o30

t2 =
oE

vP
=

o30

vM

vM = vP ·
o30

oE
= 20 ·

35 000

40 000
= 20 ·

7

8
= 17,5 .

21



op
op

dPM =
op

12
=

21 600

12
= 1800 .

dPM

t3 =
dPM

vP
=

1800

20
=

=
1800 ·

20
= 90 = 3 18 .

dPM
30◦

Rešitve eksperimentalne naloge: sestava kovanca in zlitine

20 ·m = 170 ±2 m = 8,5 ±0,1

10 · 2R = 20 · R = 25,8 ±1
2R = 25,8 ±0,1 R = 12,9 ±0,1

h 20
20 · h = 44 ±1 h =

2,2 ±0,1

R = 12,9 h = 2,2

V1 = S · h = 3,14 ·R2 · h = 3,14 · (1,29 )2 · 0,22 = 1,15 3 ± 0,07 3.

ρ1 =
m

V1

=
8,5

1,15 3
= 7,4

3
± 0,6

3
.

20 ·V2 = 19,5 ±0,5

V2 =
19,5 3

20
= 0,975 3 ± 0,025 3.

ρ2 =
m

V2

=
8,5

0,975 3
= 8,7

3
± 0,2

3
.

ρ2

22



2R = 25,8
2Rm = 18,5 ±0,5 Rm =

9,25 ±0,25
±

Vm = 3,14 ·R2
m ·h

V = 3,14 · (R2 −R2
m) · h

V

Vm
=

3,14 · (R2 −R2
m) · h

3,14 ·R2
m · h

=
R2 −R2

m

R2
m

=
R2

R2
m

− 1 =
(12,9 )2

(9,25 )2
− 1 = 0,94 ± 0,15 .

V2 = Vm+V

V Vm

V = 0,94 · Vm

V + Vm = 1,94 · Vm = V2 = 0,975 3 .

Vm = 0,503 3 ± 0,04 3

V = 0,472 3 ∓ 0,04 3

ρ = 8940 3 ρ = 8908 3

75 25

ρ = η · ρ + η · ρ = 0, 75 · 8940
3
+ 0, 25 · 8908

3
= 8932

3
= 8,932

3
.

m = ρ · V = 8,932
3
· 0,472 3 = 4,2 ± 0,4 .

mm = m−m = 8,5 − 4,2 = 4,3 ∓ 0,4 .

ρm =
mm

Vm
=

4,3

0,503 3
= 8,55

3
± 1,5

3
.

0 1 0 < η < 1

ρm η

η 0 ρ ≈ ρ ≈ ρ

η 1

23



ρm

[

3

]

η0 10,5

7,3

7,5

7,7

7,9

8,1

8,3

8,5

8,7

8,9

ρ

ρ ≈ ρ ≈ ρ

0,21

ρm = 8,55 3

η = 0,21± 0,01±

ρm > ρ

ρm > ρ

75 20 5

Rešitve nalog za 9. razred

t = 0
a s v =

√
2 · a · s v1 =

√
2 · a1 · s

v2 =
√
2 · a2 · s a1 = 4 · a2 v1

v1 =
√
2 · 4 · a2 · s = 2 ·

√
2 · a2 · s = 2 · v2 .

σ σ

σ =
j

T 4
−→

2 ·K4
=

· 2 ·K4

Wk

24



Wk Wp

Wk+Wp

Ia < Ib < Ic Id Ia

Id

h0 =
1,8 v0 = 8

t0 =

√

2 · h0
g

=

√

2 · 1,8 · 2

10
= 0,6 .

d0 = v0 · t0 = 8 · 0,6 = 4,8 .

y(x)

x

y

1 2 3 40

1

1,8

d1 = 2,4 d0
t1

t0 t1 = 0,3

∆y0 =
1

2
g · t1 =

1

2
· 10

2
· 0,3 = 0,45 = 45 .

1,7 40
1,5 30

15 35

25



4 ∆y1 = 8
h0 ∆y2 =

12 h0
∆y1 ∆y2

t1,2 =

√

2 ·∆y1,2

g
.

d1

v1,2 =
d1

t1,2
= d1 ·

√

2 ·∆y1,2

g
.

∆y1 ∆y2
v1 = 19,0 v1 = 15,5

h0 10

h0

vx
vx = v0 = 8

t1 = 0,3

vy
vy = vy,0 − g · t t1

2

0

vy,0 = g ·
t1

2
= 10

2
· 0,15 = 1,5 .

vx vy,0
v

v =
√

v2x + v2y,0 =

√

(

1,5

)2

+

(

8

)2

= 8,14 .

α

α = 11◦±1◦ vy,0

vx

α

700

700

850

850
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F⊥ = 700
Fl1,max = kl1 · F⊥ = 1,2 · 700 = 840 F⊥ =
700 Fl2,max = kl2 · F⊥ = 0,8 · 700 = 560

Fl1,max + Fl2,max = 1400 850

1400 − 850 = 550

F⊥,1

Fl,max = Fl1,max + Fl2,max = kl1 · F⊥,1 + kl2 · F⊥,1 = (kl1 + kl2) · F⊥,1 =

= (1,2 + 0,8) · F⊥,1 = 2 · F⊥,1 .

Fl,max ≥ Fg F⊥,1 ≥ 1

2
Fg = 425

425

1 200

Fl1 = kl1 ·F⊥,1 = 1,2 ·425 = 510 Fl2 = kl2 ·F⊥,1 =
0,8 · 425 = 340

~Fg

~Fl1

~Fl2

~F⊥,1

~F⊥,2

a = 1,6 2

Fr = m ·a = 85 · 1,6 2 = 136 ~Fr

~Fg
~Fl1

~Fl2
~Fr = ~Fl1 + ~Fl2 + ~Fg

m · a = Fr = Fl1 + Fl2 − Fg .

Fl1 ≤ kl1 · F⊥ Fl2 ≤ kl2 · F⊥

m · a = Fl1 + Fl2 − Fg ≤ (kl1 · F⊥ + kl2 · F⊥)− Fg = (kl1 + kl2) · F⊥ − Fg .

F⊥

F⊥ ≥
Fr + Fg

(kl1 + kl2)
=

136 + 850

2
= 493 .

493
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Rešitve eksperimentalne naloge: karakteristika in moč žarnice

  

1

2

U I R⊗ Ω P⊗

4,61 126 36,6 581

2,31 86,6 26,6 200

1,52 69,1 22,0 105

3,48 108,7 32,0 377

0,97 53,6 18,1 52

3 4

5
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1 1,52 69,1 105
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3 1,53 69,1 106

4,80 69,1 332
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2

1

  

U1 I1 P

1 4,00 117,0 468

2 4,18 117,6 492

4,57 230 1051

  

  

  

  

  

Rešitve fizikalnega tekmovanja srednješolcev Slovenije –

državno tekmovanje

Rešitve I. skupine

1. Podatki: m1 = 2 kg, m2 = 3 kg, mp = 1 kg, l = 1 m, a = 20 cm, b = 30 cm.

a) Ravnovesje navorov; os v levem obesišču:

−am1g +
(

1
2 l − a

)

mpg− 1
2 lFD +

(

1
2 l + b

)

m2g = 0

in

FD =

(

1
2 l + b

)

m2 +
(

1
2 l − a

)

mp − am1

1
2 l

g = 45,1 N ;
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os v desnem obesišču:

−

(

1
2 l + a

)

m1g−
(

1
2 l − b

)

mpg + 1
2 lFL + bm2g = 0

in

FL =

(

1
2 l + a

)

m1 +
(

1
2 l − b

)

mp − bm2

1
2 l

g = 13,7 N .

b) Pri dovolj majhnem m2 postane FD negativna, pri dovolj velikem pa FL.

FD ≥ 0 =⇒ m2 ≥

am1 −

(

1
2 l − a

)

mp
(

1
2 l + b

) = 0,125 kg ,

FL ≥ 0 =⇒ m2 ≤

(

1
2 l + a

)

m1 +
(

1
2 l − b

)

mp

b
= 5,33 kg ,

torej
0,125 kg ≤ m2 ≤ 5,33 kg .

2. Podatki: v0 = 10 m/s, α = 60◦, h = 270 cm, s = 100 cm, hk = 305 cm,
h0 = 150 cm, M = 600 g, m = 300 g.

a)
vx = v0 cos α = 5,00 m/s .

[1 t.]
Ker je končna točka na enaki višini kot začetna, je čas potovanja enak dvakra-
tnemu dvižnemu času t = v0 sin α/g in velja

vy = v0 sin α− 2gt = −v0 sin α = −8,66 m/s .

b) Vodoravno komponento hitrosti po trku dobimo iz ohranitve vodoravne
komponente gibalne količine: Mvx = (M + m)v′x:

v′x =
M

M + m
vx = 3,33 m/s

in čas potovanja do koša

t′ =
s

v′x
= 0,300 s .

[1 t.]
c) V navpični smeri mora žoga s kepo premagati višino hk − h: hk − h = v′yt′ −
1
2gt′

2
, od koder dobimo potrebno hitrost v navpični smeri:

v′y =
hk − h + 1

2gt′
2

t′
= 2,64 m/s .

[2 t.]
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d) Hitrost kepe tik pred trkom dobimo iz ohranitve navpične komponente gi-
balne količine: mvi + Mvy = (m + M)v′y:

vi =
(m + M)v′y −Mvy

m
= 25,2 m/s .

Začetna hitrost kepe pa mora biti še nekoliko večja, da premaga višinsko raz-
liko h− h0:

v2
0i = v2

i + 2g(h− h0) , v0i =
√

v2
i + 2g(h− h0) = 25,7 m/s .

[2 t.]3. Podatki: m = 60 kg, M = 120 kg, vA = 6 m/s, vB = −1 m/s, v0 = 2 m/s.

a) Pri trku se ohranja gibalna količina; če označimo skupno hitrost obeh avto-
mobilčkov po trku z vS, velja

vS =
(2m + M)vA + (m + M)vB

3m + 2M
= 3,0 m/s .

Sprememba skupne kinetične energije je enaka

∆W = 1
2(2m + M)v2

A + 1
2(m + M)v2

B −
1
2(2M + 3m)v2

S = 2,52 kJ .− −

4
A

B

A +B

−3

v [m/s]

t

c) Preverimo, da se gibalna količina ohranja tudi s hitrostmi, kot jih izmeri
Ana:

(2m + M)v′A + (m + M)v′B = 1260 kgm/s , (3m + 2M)v′S = 1260 kgm/s .

Sprememba skupne kinetične energije se tudi ne spremeni:

∆W ′ = 1
2(2m + M)v′A

2
+ 1

2(m + M)v′B
2
− 1

2(2M + 3m)v′S
2
= 2,52 kJ .

4. Podatki: a = 10 cm, h = 20 cm, m = 50 g, d = 5 cm, ρ = 1,3 kg/m3, v = 10m/s.

a)

M =
1

4
cρv2S(h− 2d) = 0,052Nm ,

kjer je S = ah.
[3 t.]

32



b) Dobimo enačbo oblike x2 + 2βx− 1 = 0, kjer je β = (v0/v)2 in x = sin ϕ

β =
mg

cρSv2
=

v2
0

v2
; v0 =

√

mg

cρS

in končno v0 = 4,854 m/s in β = 0,2356

ϕ = arcsin

(

√

1+ β2 − β

)

= 52◦ .

c) Desetkrat manjša hitrost da stokrat večjo vrednost β = 23,56.

Od tu dobimo ϕ = 1,2◦.
[1 t.]

Rešitve II. skupine

1. Podatki: U0 = 3,00 V, P0 = 240 mW, Ug = 6,00 V

a) Nazivni upor žarnice je R0 = U0/I0 = 37,5 Ω.
[1 t.]
Od tu dobimo R = R0(P/P0)1/4 = 35,83 Ω.
[1 t.]Iz U = IR = (P/U)R sledi za napetost na žarnici
U =

√
PR = 2,677 V= 2,68 V.

Upor R1 izračunamo iz napetosti na uporu U1 = Ug −U = 3,323 V in iz toka
skozi upornik, ki je hkrati tok skozi celoten električni krog in je zato enak toku
skozi žarnico, I = U/R = P/U = 74,71 mA.
[1 t.]
Dobimo

R1 =
U1

I
=

(Ug −U)U

P
=

UgU

P
− R = 44,48 Ω = 44,5 Ω .

b) Žarnica, vir in upornik R1 so vezani zapo-
redno, upornik R moramo vezati vzporedno
k uporniku R1.

Narisana shema:

[1 t.]Iz podatka o žarnici vemo, da mora biti tok skozi vir in žarnico I′ = I0 =
80,0 mA.
[1 t.]in napetost U′ na vzporedno vezanih R in R1 enaka U′ = Ug −U0 = 3,00 V.
[1 t.]Od tu dobimo za nadomestni upor R′ vzporedno vezanih R in R1 vrednost
R′ = U′/I′ = U0/I0 = R0 = 37,5 Ω, saj je Ug = 2U0. Končno dobimo

R =

(

1
R0
−

1
R1

)−1

=
R1R0

R1 − R0
= 239,0 Ω = 239 Ω .
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2. Podatki: Tv = 22◦C, Ss = 30 m2, d = 20 cm, λ = 1,0 W/mK, Ta = 10◦C,
Pc = 1 kW, Pd = 200 W, Td = 35◦C.

a)

Pa = PQ = Sλ
(Tv − Ta)

d
= 1800 W .

[2 t.]
b) Pv = Pa, Tn = Ta

Moče je trikrat večja kot pri idealni črpalki:

Pel = 3Pv
(Tv − Tn)

Tv
= 220 W .

c) Pel = Pc

Toplotni tok, ki ga mora črpalka črpati iz sobe pri višji temperaturi, je enak
toplotnemu toku zaradi prevajanja skozi stene.

PQ = Sλ
(Tv − Tn)

d
, Pv = Pel

Tv

3(Tv − Tn)
= PQ

(Tv − Tn)
2 =

PelTvd

3Sλ
, Tv − Tn = 25,6 K , Tn = −3,6 ◦C .

d) Pel = Pd, Tv = Td

Toplotni tok, ki ga mora črpalka črpati iz sobe pri nižji temperaturi, je enak
toplotnemu toku zaradi prevajanja skozi stene.

Pn = PQ = Sλ
(Tv − Tn)

d
, [1 t.]

Toplotni tok, ki teče iz črpalke pa je večji za električno moč črpalke:

Pv = Pn + Pd =
PdTvd

3(Tv − Tn)
.

−

Izraz za Pn vstavimo iz prve enačbe v drugo in po preureditvi dobimo kvadra-
tno enačbo za razliko temperatur.

(Tv − Tn)
2 + 2β(Tv − Tn)− γ = 0 ,

− − −

β =
Pdd

2Sλ
= 0,67 K , γ =

PdTvd

3Sλ
= 136,9 K2 . [1 t.]

Tv − Tn =
√

β2 + γ− β = 11,0 K , Tn = 24 ◦C . [1 t.]

3. Podatki: V = 4, 0 dm3, r = 1,0 cm, Vv = 0, 50 dm3, m = 100 g, T0 = 100 ◦C,
p0 = 100 kPa, P = 25 W, C = 300 J/K.
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a) Dodatni tlak je posledica dodatne mase vodne pare. Prostornino vodne pare
označimo V0, V0 = V −Vv. Iz plinske enačbe

V0 (p0 + ∆p) =
(m0 + ∆m)RT0

M

dobimo

∆m =
V0∆pM

RT0
= 63,5mg ,

ker je ∆p = mg/S = mg/πr2 = 3,12 kPa in je m masa pokrovčka.
[4 t.]
b) Potrebujemo toploto Q = ∆mqi = Ptb od koder sledi

tb =
∆mqi
P

= 5,7 s .

c) Iz povečanja tlaka za ∆p = 3,12 kPa sledi sprememba temperature vrelišča
∆Tv = k∆p = 0,78 K. Tu je k = 0,25 K/kPa. Zaradi povišanja temperature je
potrebno poleg izparevanja segreti še vodo in čajnik s pokrovom. Celoten čas
je

t = tb +
(mvcv + C)k∆p

P
= 80,6 s .

Vidimo, da bistveno več energije kot za večanje količine pare potrebujemo za
segrevanje vode in čajnika.
[4 t.]

4. Podatki: a = 10 cm, d = 0,1 mm, e = 10 nAs, V = 12 V, v = 50 cm/s.

a) V prostoru med zgornjo in notranjo ploščo dobimo (S = a2):

E =
1
2e

2ε0S
−

e

2ε0S
−

1
2e

2ε0S
= −

e

2ε0a2
= −5,6 · 104 V/m .

Enako jakost električnega polja v smeri navzgor dobimo za polje med notranjo
in spodnjo ploščo.
[3 t.]
b)

U = −d E = 5,6 V , C =
e

U
=

2ε0a
2

d
= 1,77 nF .

c) Naboj na kondenzatorju se zmanjšuje, ker se manjša površina dela, kjer se
plošče kondenzatorja prekrivajo.

I =
∆e

∆t
=

U2ε0a∆s

d∆t
=

2ε0aU v

d
= 0,106 µA .

[3 .t]Naboj teče od pozitivne plošče na negativno.
[1 t.]
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Rešitve III. skupine

1. Podatki: vT = 6 m/s, vR = −6 m/s, mT = mR = 200 kg.
−

a) Hitrosti, kot jih meri Ema:

t

−6

Ana + Tim

Rok

Tim

v [m/s]
Ana

Rok

6

0

b) Po trku oba obmirujeta, vsa začetna energija gre v izgube:

∆WE = 1
2mTv2T + 1

2mRv2R = 7,2 kJ .

c) Hitrosti, kot jih meri Tim:

t

v [m/s]
Ana

6

0

−12
Rok

d) Pred trkom se glede na Tima giblje le Rok s hitrostjo v′R = vR − vT =
−12 m/s, po trku glede na Tima oba, Rok in Tim, obmirujeta. Za izgube Tim
izračuna:

∆WT = 1
2mRv′R

2
= 14,4 kJ .

e) Hitrosti, kot jih meri Ana:
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t

0

−12
Rok

v [m/s]

−6

Tim

f) Za Ano se pred trkom giblje le Rok s hitrostjo v′A = vR − vT = −12 m/s. Pri
trku se ohrani skupna gibalna količina: mRv′A = (mR + mT)v

′
S, v′s = −6 m/s.

Za Ano kinetična energija na koncu ni enaka 0, temveč 1
2(mR + mT)v

′
S
2. Izra-

čuna:
2 2čuna:

∆WT = 1
2mRv′R

2 − 1
2(mR + mT)v

′
S
2
= 7,2 kJ .

Dobi torej enak rezultat kot Ema.
[2 t.]g) Napačen rezultat je dobil Tim, ker se ni ves čas gibal enakomerno, temveč
se je v času trka gibal pojemajoče. Različni rezultati torej niso v nasprotju
z Galilejevo trditvijo, saj se rezultat razlikuje le za opazovalca, ki se ni gibal
premo enakomerno.
[2 t.]2. Podatki: U0 = 3,00 V, P0 = 240 mW, Ug = 6,00 V, P = 200 mW, I = 90 mA.

a) Nazivni upor žarnice je R U /I 37,5 Ω.a) Nazivni upor žarnice je R0 = U0/I0 = 37,5 Ω.
[1 t.]Od tu dobimo R = R0(P/P0)

1/4 = 35,83 Ω.
[1 t.]Iz U = IR = (P/U)R sledi za napetost na žarnici
U =

√
PR = 2,677 V= 2,68 V.

[1 t.]b) Upor R1 izračunamo iz napetosti na uporu U1 = Ug −U = 3,323 V in iz
toka skozi upornik, ki je hkrati tok skozi celoten električni krog in je zato enak
toku skozi žarnico, I = U/R = P/U = 74,71 mA.
[1 t.]Dobimo

R1 =
U1

I
=

(Ug −U)U

P
=

UgU

P
− R = 44,48 Ω = 44,5 Ω .

c) Žarnica, vir in upornik R1 so vezani zapo-
redno, upornik R moramo vezati vzporedno
k uporniku R1.

Narisana shema:

[1 t.]Iz podatka o žarnici vemo, da mora biti tok skozi vir in žarnico
I′ = I0 = 80,0 mA in napetost U′ na vzporedno vezanih R in R1 enaka U′ =
Ug −U0 = 3,00 V.
[1 t.]
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Od tu dobimo za nadomestni upor R′ vzporedno vezanih R in R1 vrednost
R′ = U′/I′ = U0/I0 = R0 = 37,5 Ω, saj je Ug = 2U0. Končno dobimo

R =

(

1
R0
−

1
R1

)−1
=

R1R0
R1 − R0

= 239,0 Ω = 239 Ω .

d) Iz zveze med R in P preko zveze P = RI2 izpeljemo povezavo med P in I

P

P0
=

(

R

R0

)4

=
P4 I80
I8P40

=⇒ P = P0

(

I

I0

) 8
3

= 328,6 mW = 329 mW .

3. Podatki: a = 0,500 km, c = 4,50 km/s, cL = 5,50 km/s, cT = 3,30 km/s.

a) Najmanjši x = 0 je za valovanje, ki gre navpično navzgor. Največji x ima
valovanje, ki osnovno ploskev zapusti na robu, kjer je ϕ1 = π/4 = 45◦.
[1 t.]
Lomni zakon
[1 t.]
da

sin ϕ2 =
cL
c

sin ϕ1

in ϕ2 = 59,796◦ = 59,8◦. Iz geometrije hitro dobimo

x = a tan ϕ1 + a tan ϕ2 = a sin ϕ1





1

cos ϕ1
+

cL
√

(c2 − c2L sin2
ϕ1)







√



in

x(ϕ1 = π/4) = xmax = a



1+
cL

√

2c2 − c2L



 = 2,72a = 1,36 km.


√



Torej 0 ≤ x ≤ xmax = 1,36 km.
[1 t.]
Valovanje, ki gre skozi plašč in se širi v valju pod kotom blizu ϕ1 ≈ π/2, se
na prehodu iz valja zanemarljivo malo lomi in doseže površje pri poljubno
velikih x. Zgornja meja za x je torej ∞.
Spodnjo mejo tudi tokrat določa valovanje, ki se lomi skozi plašč valja tik pod
robom zgornje osnovne ploskve, torej pri ϕ1 = 45◦. Ker se tokrat valovanje
lomi na plašču, je rezultat lomnega zakona

sin(π/2− ϕ1)

c
=

sin(π/2− ϕ2)

cL
= ⇐⇒

cos ϕ1

c
=

cos ϕ2

cL
,

cos ϕ2 =
cL
c

cos ϕ1

in ϕ2 = 30,204◦ = 30,2◦. Z enakim računom kot prej dobimo
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xmin = a tan ϕ1+ a tan ϕ2 = a



1+

√

2c2 − c2L

cL



 = 1,5821a = 791m = 0,79 km. 

Torej 0,79 km = xmin ≤ x ≤ ∞.

Senčnih točk torej ni,
[1 t.]
dvojne točke pa so v intervalu

0,79 km ≤ x ≤ 1,36 km.

b) Ker je hitrost transverzalnih valov cT v granitu manjša od hitrosti longitu-
dinalnih valov v apnencu c, se za transverzalne valove območji iz vprašanj a)
ne prekrivata. Za valovanje, ki gre skozi osnovno ploskev dobimo

x(ϕ1 = π/4) = xmax = a



1+
cT

√

2c2 − c2T



 = 1,60645a = 803 m = 0,80 km.

√



Za valovanje, ki gre skozi plašča analogno dobimo

xmin = a tan ϕ1+ a tan ϕ2 = a



1+

√

2c2 − c2T

cT



 = 2,6489a = 1324m = 1,32 km.

Torej transverzalnih valov ni v intervalu

0,80 km = xmax ≤ x ≤ xmin = 1,32 km.

Obstajajo torej le senčne točke, dvojnih točk pa ni.
[2 t.]
c) Ko je točka opazovanja dovolj daleč, se valovanje do tja širi skoraj vzporedno
s površino. Znotraj valja se v vsakem primeru širi s hitrostjo c, razdaljo x− a
pa prepotujejo longitudinalni valovi s hitrostjo cL, transverzalni pa s hitrostjo
cT. Dobimo

x a c t c t c t ∆t
cT. Dobimo

x− a = cTtT = cLtL = cT(tL + ∆t)−

in od tu
x = a +

cLcT
(cL − cT)

∆t ;
−

za ∆t = 6,00 s dobimo razdaljo 50 km.
[2 t.]

4. Podatki: r = 0,524 cm, l = 9,32 cm, m = 11,53 g, e = 0,34 As, v = 6,1 m/s.

a)

I =
e

t0
= eν =

eω

2π
, B =

µ0 I

2r
=

µ0eν

2r
.
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b) Za dolgo ravno tuljavo velja B = µ0NI/l; v našem primeru nadomestimo
NI → eν = ev/2πr in dobimo

B =
µ0ev

2πrl
= 8,5 · 10−4 T .

Energijo dobimo iz izraza za energijo tuljave, W = 1
2 LI2, za L = µ0S/l =

µ0πr2/l, ali kar iz izraza za gostoto energije magnetnega polja w = W/V =
1
2µ0B2 za V = πr2l:

2 22

W =
µ0v2e2

8πl
= 2,3 µJ .

[3 t.]
c) Če ne upoštevamo magnetne energije, je sprememba potencialne energije,
mgh, kar enaka spremembi kinetične translacijske in rotacijske energije:

1
2m(v′

2 − v2) + 1
2 J(ω′

2 −ω
2) = mgh .

Za J = mr2 in ω = v/r sledi

m(v′
2 − v2) = mgh .

Prišteti bi moral še spremembo magnetne energije, ki je prav tako sorazmerna
s kvadratom hitrosti:

m(v′
2 − v2) +

µ0e2

8πl
(v′

2 − v2) = mg(h + ∆h) .

Relativna napaka je torej

∆h

h
=

µ0e2

8πl
m

=
µ0e2

8πlm
= 5,5 · 10−6 .
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